Chapter 5. Distribution of Functions of Random Variables

Three Basic Methods

e cdf method
e pdf method (i.e., transformation-of-variables method)

e mgf method

CDF Method

Usually applicable when Y = T'(X) is 1-dimensional continuous random variable. Also, this method
works well to find the distribution of max(Xj,...,X,) or min(Xy,..., X,).

1. Rewrite Y in terms of X: (Y <y) ={T(X) <y} = (X € &)
2. Find the cdf of Y using the distribution of X: Fy(y) = P(Y <y) = P(X € <))
3. Find the pdf of Y from the cdf: fy(y) = G%Fy(y)

Ex 1. X ~uniform(0,1). Find the distribution of ¥ = —In(1 — X).

Answer: First, note that y > 0.

_ 1—e ¥, y>0
F(y)ZP(YSy):P{—ln(l—X)gy}:p()(§1_6 y):
0, otherwise

0 e¥, y>0

dy 0, otherwise

i.e.,Y ~ exponential with (A = 1).

Ex 2. Let X1, Xo,..., X, be iid continuous random variables with pdf f(-). Find
(a) distribution of Y = max(Xy,...,X,)
(b) distribution of Z = min(Xy,...,X,)

Answer:

(a) Fy(y) = P{max(X1,...,Xn) <y} =P (X1 <y,..., X, <y) = [[ P(X; <y) = {Fx(»)}"

fr(y) = %Fﬂy) — 0 {Fx(m)}" fx(y)



(b) Fz(2) = P{min(Xy,...,X,,) <2} =1-P (X, >z,...,Xn>z):1—ﬁP(X¢>z)
=1-{1-Fx(2)}"
0

fz(2) = 5 Fz(z) =n{l - Fx(2)}"™! fx(2)

2¢, O0<ax<1
Ex 3. X has pdf f(z) =

0 otherwise
Find the distribution of Y = 8 X3.

Answer: First, note that 0 < y < 8.

1/3 ( 1
Fy(y)ZP(YSy)ZP(8X3<y):P{XS<Z> }:/0 2rde = 7y, 0<y<s8

o —, O0<y<8
fr(y) = a*FY(y) =3 60y
y 0, otherwise
PDF Method

Basically same as the cdf method, except that the pdf is used instead of the cdf. Suppose Y = T'(X)

with a transformation, T: 1-1 transformation from & onto %. Then Y will have a pdf:

Ix AT W)} [ Jr-1pl, ve P

0, otherwise

fr(y) =

2¢, O0<x<1
Ex 4. X has pdf f(z) =

0 otherwise
Find the distribution of Y = 8X3.

Answer: First, note that 0 < y < 8.

T:y=8z"

T_l = (g) 1/3 = lyl/g
8 2

1
x{T'(y)}=2- 51/1/3 =y/3

9 (L) 2L e
= I35 (55°) 1= o
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- L _
@) = AT W e = gy 0<y <8

Ex 5. X ~uniform(0,1). Find the distribution of ¥ = —21In X.

Answer: First, note that y > 0.
T:y=—-2lnzx : 1-1 from o7 =(0,1) onto {y : y > 0}
Tl.g=e2Y
AT W)} =1, y>0
1
sl =l (7)1 = ge b

) = AT O ) = 5o,y >0

: 2
ie, Y ~ X{df=2)"

Ex 6. Let X1 ~I'(a, 1), Xo ~T'(8,1) and X1, Xo: independent. Show

X1
1. distribution of ———— is ((«,
o )

2. X1+ X, Nr(a—l-ﬂ,l)
X
3. X1+ X9 and Xil are independent.

1+ Xo
Proof:
Y1 =1 + T2
T: . : 1-1 from o7 =(0,00) x (0,00) onto {y1y2 > 0, y1 — y1y2 > 0}
Y2 = T1+x2
xr1 =
-1, T TR y1>0,0<y2 <1
T2 = Y1 — Y1Yy2
Y2 Y1
Tl =| 2 =l =
—Y2 -
1 —1 -1 — —
flxy,29) = I‘(a)I‘(B)x(II avg e TleT ™2
1 _ 1
fyr,92) = W(ywz)o‘ ! {y1(1 - 92)}5 Lew y1, 1 >0,0<ys <1
1 1 _ _ _
= F(a)F(,@)y?—Fﬁ € yly‘; 1(1 _QZ)ﬂ !
— F(a + /6) 1 a+pB-1

Magr(p¥ (7w on ) Fe gy o n)

:f(y2)f(y1)7 Y'QN/B(OQB) and YlNF(a_‘_ﬁ?l)

Chapter 5, page 3



Ex 7. Let X1 ~I'(a, ), Xo ~T'(3,0) and X, X2: independent. Show

X1
1. distributi f— i
istribution o X, + X, 18 5(0475)

2. X1+ Xo~T(a+p3,0)
X
3. X1+ Xy and Xil are independent.

1+ Xo
Proof:
Y1 =T1 + T2
T : " : 1-1 from &7 =(0,00) x (0,00) onto {y12 > 0, y1 — y1y2 > 0}
Y2 = T1t+x2
xTr1 =
A AL y1>0,0< 1y <1
T2 = Y1 — Y1y2
Y2 Y1
|Jp—1] = =lnl=wun
I—=y2 -
1 a—1,_ -1 _—x1/0 _—x2/0
f(l'l,xQ) = le Ty € e
1 a—1 6—1 —y1/9
fy1,92) = W(myz‘) {yi(I—92)}" e cyr, 1 >0,0<yy <1
1 -1 _ _
= Tt ¢ -
L@+ h) o B-1 1 a+B8-1_—y1 /0
= Tar@? 7w o) et o)

:f(y2)f(y1)7 YQNﬁ(aaB) and YlNF(a+679)

Corollary X; ~ x%(a), Xo ~ x?(8) and X1, Xo: independent. Let Y; = and Yo =

X1
X1+ Xo
X1+ Xo. Then, Y7 ~ (8 (%, g), Yo~ T (#,2) ~ x?(a+ B) and Y7, Y3 are independent.

Ex 8. Let Xy, X5: iid exponential with A, i.e., T’ (1, %) Find the distribution of Y1 = X; — Xo.
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Answer:

Ex 9. Box-Muller transformation: Let X, X»: iid uniform (0,1). Then

Y1 = v —2In X cos(2mX5)
Yo = v/ —21In X sin(27 X5)

Y1 =1 — T2

T: : 1-1 from o7 =(0,00) x (0,00) onto {y; +y2 >0, y2 > 0}
Y2 = T2
— T =y1+Y2
T y1+y2>0,42>0
T2 = Y2
1 1
‘JT71’: =1
0 1

flxy,29) = Ne A@te2) 0 S0, 29 >0

flyi,y2) = AZemAw+2y2) y1+y2>0,92>0
fil) = / £y y2)dye

| ey, >0
_ 0

= oo
/ )\26*>\(y1+2y2)dy27 y1 <0
—Y1

A —
L MWLy >0
%e/\y17 U1 < 0
A
= 56_’\‘?’1', —00 < Y1 < 00

Y1 is called the double-exponential distribution or Lapace distribution.

= Y,Yo~ iidN(O, 1)
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Proof:

y1 = v/ —2Inx; cos(2mxs)

T: : 1-1 from & =(0,1) x (0,1) onto R?

y2 = v/ —2Inxq sin(27xs)
2 2
L )ri=exp (—L;yz)

To = itan_l <Z—f)

2443 _yi+e3 s o
J | me 2 —Toe 2 1 ,ylgyz
[ Jr-a] = I V4 S W VTl ~on°
2T 14+(y2/y1)° 27 1+ (y2/p1)*
fz1,m2) = 1(0,1)(961) : 1(0,1)(362)
1 _vitus
f(yhy?)zﬁe 2, —00<y17y2<00
Y1,Ys ~iid N(0,1)
Ex 10. X1, X»: iid N(0,1). Then Y = 51 ~ €/(0,1), i.e., Cauchy with pdf % T
Proof:
yr =+
T: T2 1-1 from R?\ {22 = 0} onto K2
Y2 = T2
_ T1 = Y1y2
T y1+y2>0,92>0
T2 = Y2
Y2 N
J — = =
el =% % = e
1 a:2+ac2
flx1,29) = %e_ 2 2, xr1,T2 € R
1 _ yivd 3
Flyry2) = 5 lyele TR ppeR

1y2
fily) = /fwm@2/|we;%m

= - Ayt gy — cRn
T /(] ‘y2|€ T 1 Ty 29 Y1
One note: General form of the Cauchy pdf:
11 1
X ~€(u,o0) — flx)=————=, xR
om] 4+ ( - )

yz, —00 <y < 00.
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Selected Problems

1. Let X have the pdf f(z) = 423, 0 < z < 1. Find the pdf of Y = X2,
2. Let X have the pdf f(z) = :ce‘m2/2, 0 < x < oo. Find the pdf of Y = X?2.
3. Let X have a I'(a = 3,0 = 2). Determine the pdf of Y = v/X.
4. Let X have the pdf f(z) =2z, 0 <2 < 1.
(a) Find the cdf of X.
(b) Deescribe how an observation of X can be simulated.
(c) Simulate 10 observations of X.

5. Let X have the pdf f(z) = 6271, 0 < 2 < 1,0 < # < co. Find the distribution of ¥ =

—20In X.
—T
6. Let X have a logistic distribution with the pdf f(x) = (163[:)2’ o0 < & < o0. Show that
+e”
= T3 X has a uniform (0, 1) distribution.

7. Suppose the lifetime (in years) of a product is ¥ = 5X%7 where X has an exponential

distribution with mean 1. Find the cdf and pdf of Y.
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