Chapter 3. Continuous Distributions

Objectives

Basic Concepts & Expectations

Uniform, Exponential, ', x?, and Normal Distributions
Introduction to the Maximum Likelihood Estimation
The Central Limit Theorem

Continuous Distributions

Definition 1. X ~ a random variable of continuous type
If for each event A C S, P(A) can be written as
P(4) = P(X € A) = [, f(a)da
for some function f with f(-) >0 on S, X is a random variable of continuous type and f is called

the pdf of X.

Properties 1.

1. f(x) >0, VxeS

2 /Sf(m)dx: |

3. Pla< X <b) = /bf(x)d:v, for(a,b) C S

Ex 1. Suppose X ~ uniform|[0,1), i.e., pdf f(z) =1, 0<az < 1. Find (a) P(0.1 < X < 0.4),
(b) P(X =0.5).

Answer:
0.4 0.4
P01<X<04) = flz)de =2z =03
0.1 0.1
0.5
P(X =05) = (x)dz =0
0.5

Ex 2. Suppose X ~ exponential (20), i.e., pdf f(x) = %6_”"/207 0 <z <oo. Find P(X > 20).

Answer:

P(X >20) = / Fla)de = —e /2™ = =1 = 0.3679
20 20

Ex 3. X has a pdf f(z) =2z, 0<az < 1. Find p and o2.



Answer:

u=px) = [ o f()da — e = (20 = 2
- [ onsu o ()]
NS B S
2 =B (x) - (pooy =L Ao L

3 2
Ex 4. X has a pdf f(z) = %6_(33/4)3, 0 <z < co. Find 7y, i.e., the 90th percentile.
Answer:

* T 3¢2 3 ks 3
CdfF(x):/ f(t)dt:/ 4—36_(t/4) dt = —e™ 3 . =1-e @Y <2<
0 0

Since F' (mp.9) = 0.9, we have

1—e @9 =09
N\ 3
In(0.1) = — (Z>

T\ 3

~In(0.1) = (Z)

x=4-+/—1In(0.1) = 5.2820

Uniform distribution

Definition 2. X ~ uniform|a,b]

X has a uniform distribution in the interval |a,b], then

1
etb_eta
< M(t) = h—a) t#0

Properties 2.

2 12
Proof.
b 1 =b elh _ eta
Mt—EtX:/m d =
(1) = £ () e = L T )
b —
E(X)—/a xf($)dx—2(b_a)a: .=
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b 1 v=b b2+ ab+ a?
E (X?) :/ 2? f(z)de = 306 —a) z? =
b2 + ab + a? a+b)> b—a)?
L o?=E(X?) - {B(X)) = 3 —( : ) _ 12)

Exponential distribution

Definition 3. X ~ exponential (0), 6 > 0
X has an exponential distribution with a parameter 68, 6 > 0, then

1
& f(a:):§efx/9, 0<z<o

1
& M) =(1-60)"", t<y

Properties 3.

p==0, o?=46>

Definition 4. X ~T'(,0), « > 0,6 >0

X has a gamma distribution with parameters o, 0, a > 0, 8 > 0, then

= f(l') = F(CM)HO‘ alem/f

e , 0<r<
1
= M(t):(l—et)_o‘, t<§

Properties 4.
pw=al, o°=ab?

Definition 5. X ~ % (r), r=1,2,...
X has a chi-square distribution with a parameter (=df) r,r =1,2,..., then

1
- = r/2-1_—x/2
& f(x)_F(r/Q)QT/Qx e 0<zr <o

1
& M@E)=(1-2t)""? t< 3

Properties 5.

One note:

e Ezp(f) =T(1,6) and x*(r) =T (%,2)

o I(a) = [Fa* e dx = (a — 1)! for positive integer o
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Proof. For X ~ T'(a,0)

a)f>
. 1 F(O[) o0 1 {1,’0[716{13 _ x T
- D)o (3 —1) /o I(e)(3-t) " p[ {(})—t) IHd

The integrand part is the pdf of ' [a, (% — t)_l}, thus the whole integral is one.

M(t) = F(;)Ha (;ﬁ))a —(1—0t), for(1—0t) >0

Properties 6.
1. Xq,...,X,; independent X; ~ T (a;,0),i=1,...,n= ZXi ~T <Zo¢i,9>
i=1 i=1
2. X1,..., Xp; did Ezp(6) =T (1,0) = Y _X; ~T(n,0)
i=1
.. T . = -
3. X1,..., X did X2 (ri) :F<§,2> ,i=1,....,n= ,Z;Xi ~ 2 <A1 TZ')
Proof.
My () = B (455) = p (e o)
=[[E (™)  (Why?)
=1
= [[ Mx. ()
i=1
=[Ja-6)""  Xi~T(,0)
i=1
=(1—0t) 21 ~ mgf of T’ (Zaiﬁ)
1
By the uniqueness of the mgf, we have
i=1 1
O

Chapter 3, page 4



Properties 7.

1. X ~T(a,0) = % ~ T (a,1). This also means X =02, Z ~T(a,1)
2. X ~T(,0) = X ~T(a,ch)

3 X~T(a,0) = %NF(@,Q):XQQQ)

b X Brp) = 2T (1,2) =)

Ex 5. Suppose the lifetime of a certain electronic component has an exponential distribution with
a mean of 500 hours. Let X = the time to failure. Find (a) P(X > 600), (b) P(X > 900|X > 300).

Answer:
00 1 =00
P(X >t)= / f(z)dx = / — /0 gy = /500 = ¢~t/500
t t 500 x=t
P(X > 600) = e 600/500 — ¢=6/5 — ( 3012
P(X > 900 —900/500
P(X > 900|X > 300) = DX >900) e e=5/5 — 0.3012

P(X >300)  ¢—300/500 —

This is called the “memoryless” property of the exponential distribution. It says that the probability
of a brand new one lasting over 600 hours is the same as that of the one that has already lasted

over 300 hours. Of course, this is untrue in practice.

Definition 6. X ~ Normal (,u, 02)

X has a normal distribution with parameters yu (=mean) and o* (=variance), then

1 _@=w?
& f(x) = e 2?2, —oo<zr<0o
2o -
t
< M(t) =exp (,ut—l— 02>

o0 1,2 19
Facts: / e 2dz=+v27r and 2/ e 2% dz = V27
0

—00

o?t?
Proof. M(t) = exp (,ut + -

Let’s first derive the mgf of Z ~ N(0,1).

*© 1 1.2
My (t) = E (et* :/ —— P72 d2
2O =E() = | =
> 1 1 2 1,2
_ —s(z—t)* st
= e 2 e2" dz
/oo V2T
t2 /OO 1 —%(z—t)Qd
——e 2z
oo V2T

" The integrand part is pdf of N(¢,1), i.e., the whole integral = 1.
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Next, note that X ~ N (u,0?) = X =07+ p, where Z ~ N(0,1)

Mx(t) = E (e) = E (/71%) = ¢ - Mz(to) = ethezot? — put+yt?

O
Properties 8. X ~ N (p,0?) = E(X)=pu, Var(X) =0?
Proof. X ~ N (,u,a2) = X =0Z+ p, where Z ~ N(0,1)
So, BE(X) = 0E(Z)+ p and Var(X) = 0?Var(Z)
<1 1.2 1 1,2 |
E(Z) = ze 2% dz = — e 2* =0
(2) /_oo V2T V2T —o0
o0 1 1.2 2
Var(Z) = / ——2%e2Udz — {E(Z)}
oo V2T
2 o 1.2
= — zd (—eiﬁz )
\/271'/0
_ 2 {—26_522 > + /OO e‘%‘Zde}
V2T 0 0
1 1.0
= — e 2dz=1
V 2 /;oo
O

Properties 9.
1. XNN(,LL,O‘Q) = aX+b~N(a,u+b, a202)

n
2. X1,...,X,,; independent N (,u,-,ag) dga=1,....,.n = Z%’Xi ~ (Z aip; + Za?a?)
=1
Proof.
XNN(,U,,0'2) < X~ocZ+u, Z~N(0,1)

< aX+b~(a0Z)+ (au+0b), Z~N(0,1)

<:>aX+b~N(a,u+b,a202)
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mgf My, x,(t) = E {exp (Z aiX,;)} = E (elnX1.. . elanXn)

= H E (et“"xi) (".- independent)
=1

n
= [1 Mx, (ta)

i=1

- o} 2 2
= Hexp taip; + > (ta;)*|, X;~N (ui,ai)

i=1

2

= exp [t (Z ai,ui> + B (Z a?af)} ~ mgf of N (Z @i, Za?a?)

n
By the uniqueness of mgf, Z a; X; ~ N (Z a; b, Z a?o’?)
=1

1 _@w?
One note: Is f(z) = 5 e 202 (—o0 <z < 00) really a pdf?
o
X — R 1 .2
Answer: Let Z = M, then I = / f(z)dz = / e~ 7 dz,
o o0 o0 V21
1 o0 2 00 2 1 es] 00 22402
I’=_— e_2dzn/ e Tdy = / / e dz dy
21 J o —00o 27 J o J -0

cosf sin 0
=r

Let’s use polar transformation, i.e., x = r cosf and y = r sinf, and
—rsinf rcosf

) 1 21 oo 2 1 21
I“ = — e 2rdrdd =— dd =1
2 0 0 2 0

I=1 (-1>0)

Theorem 1. Z ~ N(0,1) = Z%~x%*(1)

Chapter 3, page 7



Proof. (By cdf method) Let Y = Z2

I B Vi1 i
cdfG(y):P(Y<y):P(—\/gj<z<\/y):/ e?zdz:2/ e 2% dz
0

—vy V2m V2T
y
:/ ! e 2 dt (Let z = V1)
0 27t

1 1
e’%7 y>0 ~7T <2,2> = X2(1)’ note also I' (2> =/r

Theorem 2. Fundamental results about random sample from normal population

Let X1, Xo,..., Xy dd4.d. from N (,u,a2). Then,

_ 2 T
LX~N@f>J@ B N@,1)

n o//n
> 1 o S\ 2 .
2 _ A
2. X € 5° = p—] 2_1 (Xz X) are independent.
(n—1)8? 2

Proof. First, note that it is sufficient to show that X & (X1 — L Xn—X ) are indepdendent

X,.
n
because S? = ﬁz (X,; —X)Q is a function of (X1 -X,..., X, —X).
i=1

The mgf of X & (X1 —X,...,Xn—X) is given by

M(s,t1,~' ’tn):E[eXp{sX—l—tl (X1—X)+"'+tn (XH_X) H

B )
1

n it — e — 1,
= H E [exp { <t¢ + T h > X,H *." indepndent

n

i=1

= H My, (ti + S_thz) *.* definition
n

=1

n 2 2
s — t; s — t;
_ I |exp L (ti+ Z z> + g <t@'+ Z z) Xz NN(IU,O‘Q)
Pl n 2 n

=F
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Here, let’s first sort out the last part:

2

n n n

Putting all these together, look at the parts inside “exp” part (after multiplication):

uztﬁus—uZtﬂr(I;Zt?Jr 02(8_%ti)zti i Gk DD DR O L)

2n

s2 g2 o2 9 (Zti)Q
ps o+ 2 n + 2 Z ! n

So we have

52 o2 o2 N2
M (s,t1,- -+ ,tn) = exp (M5+2n> - exp [2 {Zt? — (Z:Tfl)}]

This means

That is,

Therefore, X and (X1 - X, -, X, - X) are independent.

n

X, — X ? are independent. O
> (Xi-X)
i=1

1
n—1

Thus, X and S? =
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MLE: Maximum Likelihood Estimate in the Continuous Case

Ex 6. X1, Xo,..., X, iid from Fzp(0). Find the mle of 6.

Answer:

_ (;) e 2 i/0

InL(#) =-—nlnh — Z % (log-likelihood function)
i=1

To find 6 that maximizes the log likelihood, differentiate this wrt 6 and set it equal to zero, we get

0 nooy T
SgImLO) = =7+ =7 =0
§o 2% _ -

n

To make sure that this indeed makes the log likelihood maximum, do the second derivative test.

Here, we have

This means that our solution § = X is indeed the mle.

Ex 7. X1, Xo,...,X,: iid from N (,u =0, 02). Find the mle of 6.

Answer:

_ (z;—6)>

n n 1
LO) =][f@s0) =] e+ —co<t<oo
i=1 i1 V470

e ( 1 >n e_ Z(xi_0)2/202
2mo

InL(#) = —nln (\/§0> — zn: M

202

=1
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Differentiate this wrt € and set it equal to zero, we get

0 - (xz — 9)
—InL(#) = =
59 11 (9) 2 3 0
P IL
n
Check the second derivative, we get
2
n

This means that our solution 6 = X is indeed the mle.

Ex 8. X1, Xo,..., X, iid from N (61,02). Find the mle of 6, and 6,.

Answer:

n 1 _(m—01)?
L(61,02) = Hf (w4;01,02) = H \/We 7 ,  —00 <) <o0;0< b
2

=1 =1

= < 1 >ne Z(xi*91)2/292
v/ 2mls

n " (x; — 6 2
In L(el, 92) = —5 In (277'92) — Z (2921)
i=1

Because of the two parameters, we differentiate this wrt 61, 62 and set them equal to zero, we get

~

0 1 _
8701111[/(01,02) 922(:61—91):0 == 1=

0 1 9 - 1 .2
%IHL(Hl,GQ) 0, +27§Z<mi_01) =0 = 6= —Z(xi—x)

Now, to check the second derivatives separately and show that they are negative at 6; and 6, is

NOT right, but here they are anyway:

2

0 n
InL —
ggz L0 02) = = 9},9}<0
S W10 = o Y (002 = L a2 3 - 22} <0
902 ’ 292 03 91,95 203 :
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BUT this is NOT right. The correct way of showing that the log likelihood indeed maximizes at 6;

and 0y is by showing the following 2 x 2 matrix is negative definite. Here is the right way to show

this.
B
C D
0? n
A= mr n
902 " (01,62) = =5
82
B=C= InL
= o0, 00 = 22

82
D= 8021nL(91,92 292—032

We're done if we show the determinant of this matrix is negative. Here is the last part.

92{202 932 i) }_91%{2(%_91)}2

:203{ nby +23 (x; - 0) —2n{Z(xi—91)}T .

- [—Z(mi—E)Q—i—QZ(xi—i‘)Z—2n{2<xi—§1)}2]

=[S @ { @ XY -0 -a)] <o

CLT: The Central Limit Theorem

2

Theorem 3. Let X1,...,X,, be random samples from a distribution with mean pu and variance o=.

Then,
n
_ Z Xi —np
_ =1

= = ~ == 4 N(0,1)
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=
=
S
Il
<
o
=
Il
<
9]
)
Il

b fosn (2225 V- (i)
H E {exp (LX) } (.- independent)

IR ER ) —
e ()
() vt =g

- [m<o>+m'(o>-<¢%g)+m;<0)-(\/%(I)Q#’SM--.

1+E(X1—u)-<\/%0_>+E(X12_”)2-(\/%U>2+OS)+-~ '

To see the last move, look at m(t) = e #M(t) = E {11} = mgf of (X — p)

12 o(1)]" d 1o\
(1) = {1—1—2”—% n] — exp <2t > = mgf of N(0,1)

O

Ex 9. Let X be the mean of a random sample of n = 25 from a population with a mean of 15 and
a variance of 4. Find P (14.4 < X < 15.6).
Answer: X ~ N (mean = p = 15; var = 0% /n = 4/25 = 0.16)

14.4 — 15 - X —pu - 15.6 — 15
0.4 o/v/n 0.4

P(144<X <156) =P ( > ~ ®(1.5) — ®(—1.5) = 0.8664

Ex 10. Xi,...,X2: random samples from uniform (0,1). Let ¥ = X; + -+ + Xy. Find (a)
P(Y <9.1), (b) P(85 <Y <11.7).

Answer: E(X;) = 3, Var(X;) = 35. Also, E(Y) = 10, Var(Y) = 23 (Why?). This means

Chapter 3, page 13



Y ~ N (mean = 10; var = 20/12)

Y —py _9.1-10
oy /20/12
8510 _ Y —py _ 11710

V20/12 = oy T /20/12

Facts: Normal approximation to various distributions

P(Y<91)=P ( ) ~ ®(—0.697) = 0.2423

P(B5<Y <117)=P ( ) ~ ®(1.317) — $(—1.162) = 0.7835

X—np 4

e X ~ binomial (n,p), 0 < p < 1, then — N(0,1)
npq
X -\
e X ~ Poisson (\), A > 0, then LN N(0,1)
VA
e X ~x%(r), >0, then N(0,1
() o ©0.1)

Ex 11. X ~ binomial (36, 3). Find P(12 < X < 18).

Answer:

P(12< X <18)=P (125 < X <18.5) (. continuity correction)

_p 12.5—18§X—,ux < 185 —18
3 ox 3

~ ®(0.167) — d(—1.833) = 0.5329
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