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Introduction

Fix K, algebraically closed field, charK = 0.

Definition (AS). An N-graded, connected, K-
algebra A is AS-regular of dimension d if:

1. A has global dimension d.
2. A has finite GK-dimension.
3. A satisfies the Gorenstein condition:

Extn(AT,A) = 6y 4T a(e)

T4(e) denotes the trivial A-module shifted by
e € 7.



e AS-regular algebras, dimension 2; easily clas-
sified

e AS-reqgular algebras, dimension 3; generated
in degree 1 classified by Artin, Schelter, Tate,
Van den Bergh, not generated in degree 1,
classified by Stephenson

e AS-regular algebras, dimension 4; not classi-
fied, many examples studied:

1. Sklyanin algebras

2. regular Clifford algebras

3. normal extensions of 3-dimensional AS-regular
algebras

4. graded regular Ore extensions

5. others



e Lu, Palmieri, Wu, Zhang recently classified
some Noetherian, 2-generated, AS-regular al-
gebras of dimension 4 using theory of Aoo-
algebras

Definition. A quantum P3 is an AS-regular al-
gebra A of dimension 4 whose Hilbert series is
ﬁ. In particular, A can be presented as an
algebra on 4 linear generators and 6 quadratic

relations.



Geometry

Associated to any AS-regular algebra A of di-
mension n

e point modules; graded, cyclic, generated in
degree 0, Hilbert series 1/(1 —t)

o if n < 4, thereis a projective scheme ', which
parametrizes point modules, furthermore I is
the graph of an automorphism T

e (I',7); point scheme of A

e for a quantum P3, I = V(rels.), subscheme
of P3 x P3



Theorem (ATV). Let A be an AS-regular al-
gebra of dimension 3. A is a finite module over
its center if and only if = has finite order.

Does a similar theorem hold in dimension 47

Theorem (StV, CGSh). There exist quantum
P3's where T has finite order and yet the alge-
bra is not finite over its center.

Perhaps the action of 7 on another set of " ge-
ometric’ modules detects "not finite over the
center’” ?



More Geometry: Fat Point Modules

e ProjA; category of finitely generated A-modules
modulo finite length graded A-modules

e Shift functor s : ProjA — ProjA, s([M]) =
[M(1)], corresponds to T when restricted to
point modules

e fat point module of multiplicity m > 1; graded,
generated in degree 0, Hilbert series m/(1 —1t),
critical with respect to GK-dimension

e fat point; [F] € ProjA for fat point module
F', simple object in ProjA

Theorem (GSh). The generic member of StV
examples has a one-parameter family of fat
points of multiplicity 2 upon which s has in-
finite order.



Choose r,a € K*.

e A(r), down-up algebra; K{x,y) factored by

<332?J_ (r—|—r_1):1:y:c—|—ya:2, 9233_ (T—I—r_l)ya:y—l—a:y2>

e C(r,a) = A(r)|[d, u; o, hy] Where o = ( 2 (1) )

and hr = (xy — ryx)

o C(r,a) free A(r)-module on basis {d*,i > 0} U
{u?,j > 0}

Theorem (CGSh). C(r,«) is a Noetherian do-
main and a quantum P3.



Theorem (CGSh). Suppose that r is NOT a
root of unity and that o IS a primitive k-th
root of unity. Let C = C(r,a) then:

1. The center of C is
| K[(hrh._1)*/2, d%k 42K if k is even,
Z(C) = TNk 2k 2k i
K[(hrh,-1)k, d2% w2k if k is odd.

2. C is not finite over its center.

3. The point scheme of C is finite (4 points,
not reduced) and the associated automor-
phism has finite order.

Questions:
1. What are the fat point modules of C(r,«)?

2. How does the shift functor s act on the fat
point modules?



e for rest of talk, » not a root of unity, o a
primitive k-th root of unity, C = C(r, o)

e for a graded C-module M, center acts trivially
on M if MZ(C)<1 = 0, otherwise center acts
nontrivially

Theorem. Let F' be a fat point module for C.
Then:

1. The multiplicity of F' is 2.

2. The family of fat points for which the cen-
ter acts trivially is parametrized by ¢ € K*

and s[F(¢)] = [F(r{)].

3. The family of fat points for which the cen-
ter acts non-trivially is parametrized by A\ €
K* and s[F(\)] = [F(a~1/2))].



e proofs use noncommutative algebraic geome-
try of some cubic AS-regular algebras of global
dimension 3

e fix a fat point module, F

e for a normal element ¢ € C, [F¢] is either zero
or [F]

e d2, u?, normal regular elements in C(r,a)



Proofs
Suppose Z(C) acts trivially on F so

that [Fd?] = [Fu?] = 0.

e ', F restricted to A(r), show F has a critical
composition series and trivial socle

e A(r) not finite over its center so all critical
modules are (shifted) point modules

e [ contains a point module for A(r)

e prove multiplicity of F'is 2, find explicit action
of C on F, compute action of s, action has
infinite order



Suppose Z(C) acts nontrivally on F,
then [Fd?] = [F] or [Fu?] = [F], i.e. d? or u?
act injectively on F

e localize at d? or u?, take degree 0, obtain Ay
or Ny

e fat point modules where d (resp. w) acts in-
jectively correspond to finite dimensional sim-
ple Ay (resp. Ay) modules

o define B = K(z,y)/(ax3—B(y2z+xy?),a 1y3—
B(z%y + yx2)) where 8 =1r/(r2+ 1), B is AS-
regular of dimension 3, Ay = Ay, = B

remark: B is not isomorphic to A(r)
e VV finite-dimensional simple B-module, B is
not finite over its center, so can show V is a

quotient of a point module of B

edimV =1 or 2, multiplicity of F'is 2, explicit
action of C' on F', action has finite order



Conjecture. Let A be a quantum P3. Suppose
s has finite order on the scheme of point mod-
ules and finite order on all fat points. Then A
is a finitely generated module over its center.

Questions:

1. What happens when r is a root of unity or
a isn’t a root of unity?

2. If A is finitely generated over its center,
does s have finite order on the point scheme
and finite order on the fat points?

3. Are the fat point modules (of fixed multi-
plicity) parametrized by a (projective) scheme?

More examples needed!



