Math 240: Introduction to Mathematical Thought

Homework 8, Solutions

Assigned exercises
6.16 Prove that 7|31 — 527~1 for every positive integer n.

Proof. We use induction. For the base step, 3*M+1 — 52(0-1 —
238 = 7(34), so 7|34+ — 52()-1,

For the inductive step, assume that 7|3%+ — 52%~1 for some
positive integer k. Then 3*+1 — 52k=1 — 7m for some m € Z.
Then

FARFDHL _ p2(kF1)—1 _ gakt14+4 _ 52k—142
= gA(3¥+L _ 521y | 34 g2l g2k-l42
= 34(3%+L _ 521y | 52k-1(34 _ 52)
=3*(Tm) + 5. 7.8
= 7(3*m + 5%*71.8).
This verifies the inductive step.

We conclude by induction that 7|39 — 52"~1 for every pos-
itive integer n. U

6.24 Prove Bernoulli’s Identity: For every real number x > —1 and
every positive integer n,

(14+2)" > 1+ nax.

Proof. Fix a real number x > —1. The base step, n = 1, is
clear:
1l+z)=1+x=1+ (1)

For the inductive step, assume that £ is a positive integer and
(14 2)* > 1+ kz. Since x > —1 we know that 1+ 2 > 0. We
multiply the assumed inequality on both sides by the positive
quantity 1 + x to get:

(1+2)" 1 +2) > (1 + kz)(1 + z).
Therefore
A+ >14+o+kr+ka?>1+a+kr=1+(k+1)z,

where the second inequality holds since kxz? > 0. This completes
the inductive step.
We conclude by the Principle of Mathematical Induction that
the desired inequality holds for every positive integer n. U
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A sequence {a,} is defined recursively by a; = 1, as = 2 and
Gy, = Qp_1 + 2a,_o for n > 3. Conjecture a formula for a,, and
verify your conjecture.

We have a3 = 4 and a4 = 8, so we conjecture that a, = 2" !
for all positive integers n.

Proof. We use strong induction. The first four cases have been
confirmed above. Let k > 2 be an integer and assume that for
all integers i, 1 <4 < k, that a; = 2°"!. Then

ap+2a5— =251 +2.2872 = 2572(24 2) = 287 2% = 2(hHD7L,

This verifies the inductive step.
We conclude, by induction, that a, = 27! for all positive
integers n. U

Extra exercises
Prove that 1- 11 +2-21 4+ ... +n-nl = (n+ 1)! — 1 for every
positive integer n.

Proof. The base step, n = 1, is clear:
1-1'=1,and (1+ 1) —=1=1.

For the inductive step, assume that k is a positive integer
and

1-t+2- 20+ +k-kl=(k+1)! -1
Now we have
=k+1)=1+Fk+1)-(E+1)!
=k+DI(1+k+1)—1
=(k+2)!-1
(k+1)+1)!—1.

This completes the inductive step.
We conclude the result by the Principle of Mathematical In-

duction. 0
Prove that 4 | (5" — 1) for every nonnegative integer n.

Proof. See class notes. O
Use the Strong Principle of Mathematical Induction to prove

that for each integer n > 12, there are nonnegative integers a
and b such that n = 3a + 70.

Proof. See class notes. O



