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ABSTRACT

MODELING EFFECTS OF TOXIN EXPOSURE IN FISH ON LONG-TERM

POPULATION SIZE, WITH AN APPLICATION TO SELENIUM TOXICITY IN

BLUEGILL (LEPOMIS MACROCHIRUS)

Michelle Gledhill

A primary goal in ecotoxicology is the prediction of population-level effects of contami-

nant exposure based on individual-level response. Assessment of toxicity at the population

level has predominately focused on the population growth rate (PGR), but the PGR may

not be a relevant toxicological endpoint for populations at equilibrium. Equilibrium pop-

ulation size may be a more meaningful endpoint than the PGR because a population with

smaller equilibrium (i.e., long-term mean) size is more susceptible to the negative effects of

environmental variability. I address the ecotoxicology individual-to-population extrapola-

tion problem with modeling. I developed and analyzed a general model applicable to many

freshwater fish species that includes density-dependent juvenile survival and additional ju-

venile mortality due to toxicity exposure, and I quantified its effect on equilibrium popula-

tion size as a means of assessing toxicity. I then used selenium toxicity in bluegill sunfish

as an example to assess the effects of environmental stochasticity on toxicity response with

simulation modeling. Individual-level effects are typically greater than population-level

effects until the individual effect is large, due to compensatory density-dependent relation-

ships. These effects are sensitive to the recruitment potential of a population, in particular

the low-density first-year survival rate Sb. Assuming high Sb could result in underestimat-

ing effects of population-level toxicity. The equilibrium size depends directly on Sb, the

reproductive potential, the toxin concentration at which mean mortality is 50% (LC50), and
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the rate at which individual mortality increases with increasing toxin concentration. More

experimental data are needed to decrease the uncertainty in estimating these parameters.

Effects of environmental variability resulted in simulated extinctions at much lower toxin

concentrations than predicted deterministically.
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INTRODUCTION

A primary goal in ecotoxicology is to predict population-level effects of contaminant ex-

posure based on individual responses. Experimental and observational toxicity tests that

address individual assessment endpoints dominate ecotoxicology literature (Walthall and

Stark, 1997). Recently, however, the individual-to-population extrapolation problem has

been addressed with population modeling, often in combination with observational or ex-

perimental toxicity studies (Spromberg and Meador, 2005, 2006; Van Kirk and Hill, 2007;

Mebane and Arthaud, 2010). Numerous experiments assess effects of selenium toxicity to

individual-level endpoints in aquatic organisms due to the increased mobilization of sele-

nium to the environment through anthropogenic activities.

Selenium exposure has been shown to cause harmful biological effects in aquatic and

terrestrial organisms (Skorupa, 1998). Two well-studied sites that experienced selenium

toxicity are Kesterson Reservoir, California and Belews Lake, North Carolina. Kesterson

Reservoir in the Northern San Joaquin Valley was an evaporation basin for agricultural

drainwater and provided wetland habitat for fish and wildlife. In the early 1980s, the

reservoir received saline drainage water and selenium concentrations exceeded 50 µg/L

(Skorupa, 1998). Rapid die-offs of waterfowl, fish, insects and plants occured. Lemly

(2002) provided evidence for severe pathological and reproductive impairment in fish from

Belews Lake, North Carolina. Selenium contaminated wastewater was released from a

coal-fired electric power plant from 1974 until 1986. A decade after a dry ash system

was implemented, waterborne selenium concentrations were reduced to 1 µg/L (Skorupa,

1998). However, effects of the exposure were still apparent, revealing selenium’s insidious

and long-term toxicity. Effects of selenium exposure has been well documented in bluegill

sunfish (Lepomis macrochirus) throughout the United States, which can act as a model

1



2

system for analyzing population-level toxicity response.

The bluegill (Lepomis macrochirus) is a standard laboratory test species that has been

shown to be sensitive to selenium exposure in laboratory experiments (Lemly, 1985; Gille-

spie and Baumann, 1986; Woock et al., 1987; Hermanutz et al., 1992; Besser et al., 1993;

Coyle et al., 1993; Lemly, 1993b; McIntyre et al., 2008) and in the wild (Finley, 1985;

Skorupa, 1998; Lemly, 2002). The bluegill is an important species for recreational fishing

and is often stocked to provide food for largemouth bass (Micropterus salmoides), another

important game fish. Past approaches to assessing toxicity in bluegill consisted of ex-

perimental assays that analyzed the effect of increased selenium tissue concentrations on

survival, growth, reproductive success and teratogenesis (Cardwell et al., 1976; Gillespie

and Baumann, 1986; Woock et al., 1987; Hermanutz et al., 1992; Cleveland et al., 1993;

Coyle et al., 1993; Lemly, 1997). Lemly (1993b) and McIntyre et al. (2008) observed

an increase in selenium toxicity to bluegill at reduced water temperatures that mimicked

winter conditions.

A goal of this thesis is to address the ecotoxicology individual-to-population extrapo-

lation problem with modeling. Given individual-level toxicity response, I seek to develop

a general model to predict a population-level response in freshwater fish, using bluegill

as an example. This thesis first reviews the environmental chemistry of selenium, the de-

mography of bluegill, and past approaches used to quantify effects of selenium exposure on

bluegill. The methods sections includes analysis of an age-structured, analytical difference-

equation model with a non-linear function describing density-dependent juvenile mortality,

a fit of model parameters to specific data on selenium and bluegill, and a simulation model

that incorporates environmental variability. Objectives of this thesis are: (1) to develop

and analyze a general model applicable to many different species of freshwater fish that

includes density-dependent juvenile survival and additional juvenile mortality due to toxi-
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city exposure, (2) quantify response in equilibrium population size as a means of assessing

toxicity, and (3) assess effects of environmental stochasticity on toxicity response, using

the bluegill-selenium model system.



LITERATURE REVIEW

Environmental and Physiological Chemistry of Selenium

Selenium (Se) is a naturally occurring element found in depositional and sedimentary ge-

ologies. The worldwide release of selenium is about 14,700 metric tons/year, of which

43% is from anthropogenic sources (Nriagu, 1989). Erosion and deposition of selenium

in the environment have been accelerated by anthropogenic activities such as coal mining

and agriculture, which can locally pose great hazards to fish and wildlife (Eisler, 1985;

Skorupa, 1998). For example, many wetlands in the western United States have been im-

pacted by contaminated irrigation drainwater (Zhang and Moore, 1998), which is a mixture

of surface return flows and subsurface drainage (Saiki et al., 2001). Drainwater contains

elevated concentrations of selenium through the accumulation of solubles and evaporation,

particularly in arid regions. Soil drainage problems typically arise in areas with a relatively

impermeable layer of clay below the soil surface where saline groundwater accumulates

without adequate drainage (Saiki and May, 1988).

Internal recycling of selenium among biota, sediments, and water contribute to accumu-

lation above known toxicity thresholds (Lemly, 1985, 1993c; Besser et al., 1996). Short-

term selenium inputs can lead to long-term residual exposure of biota (Skorupa, 1998;

Lemly, 1999). For instance, although waterborne selenium concentrations were reduced to

less than 1 µg/L a decade after a dry ash disposal system was implemented in Belews Lake

(Lemly, 1997), sediment, invertebrates, and fish ovary concentrations were still moderately

elevated (Skorupa, 1998). Efficient recycling of selenium in the biotic pathways also oc-

curred in a power plant cooling basin in Martin Reservoir, Texas and Kesterson Reservoir,

California (Skorupa, 1998).

Selenium is a necessary micronutrient for aquatic organisms at low concentrations but
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becomes toxic above certain threshold concentrations (Cleveland et al., 1993). For exam-

ple, dietary requirements of selenium in fish range from 0.07 µg/g dry weight in rainbow

trout (Oncorhynchus mykiss) (Hilton et al., 1980) to 0.25 µg/g in channel catfish (Ictalu-

rus punctatus) (Gatlin and Wilson, 1984). By comparison, selenium concentrations in

fish from waters in the San Joaquin Valley ranged from 0.6 − 18µg/g (Saiki et al., 2001).

Rotruck et al. (1973) showed that selenium is an essential micronutrient and a necessary

component in glutathione peroxidase. Selenium is an important antioxidant that assists in

the prevention of several disease conditions. Several selenoproteins have been identified

and appear to be genetically controlled, but their biological functions are unknown (Maas,

1998). However, at high concentrations, chemical similarities between selenium and sulfur

can be problematic during protein synthesis. Substitution of selenium for sulfur can result

in a distortion of protein building blocks and teratogenesis (Lemly, 1998). According to

Raisbeck (2000), the primary targets of acute selenium toxicity in food animal species are

the cardiovascular and gastrointestinal systems. The primary impact on bluegill is in the

reproductive system (Coyle et al., 1993).

Selenium Effects on Fish

Contaminant levels in aquatic organisms are of considerable interest due to their potential

effects on the organisms themselves as well as on the surrounding ecosystems. Elevated

selenium concentrations have been associated with individual and population-level effects

in many species of fish, including bluegill sunfish (Cardwell et al., 1976; Finley, 1985;

Gillespie and Baumann, 1986; Woock et al., 1987; Hermanutz et al., 1992; Cleveland

et al., 1993; Coyle et al., 1993; Lemly, 1993b; Besser et al., 1996; Lemly, 2002; Swift,

2002; McIntyre et al., 2008). Metabolic stress during winter conditions has been shown
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to increase the toxicity of selenium by significantly increasing mortality rates of bluegill

exposed to waterborne and dietary selenium (Lemly, 1993b; McIntyre et al., 2008). Her-

manutz et al. (1992) reported that 10 waterborne µg Se/L reduced survival of bluegill pop-

ulations in outdoor experimental stream treatments with water temperatures above 4°C.

Reproductive failure, in which selenium accumulates in the egg and and post-hatch mor-

tality is increased, is a symptom of selenium poisoning (Coyle et al., 1993; Lemly, 2002).

Acute and chronic exposure to selenium can result in population declines in short amounts

of time as a result of complex juvenile stage dynamics and selenium’s insidious mode of

toxicity.

Researchers studying selenium contamination in Belews Lake, North Carolina identi-

fied a threshold of 2-5 µg/L of waterborne selenium for fish, which resulted in the Environ-

mental Protection Agency (EPA) revising the national chronic criterion for selenium from

35 to 5 µg/L in 1987 (USEPA, 1987; Skorupa, 1998; USEPA, 2006). In natural environ-

ments, fish are exposed to varying concentrations of selenium due to the fish’s ability to

move in and out of areas of high concentrations, so an average aqueous concentration may

not adequately identify concentrations the fish experiences (Hermanutz et al., 1992). Re-

cent studies continue to support a dietary selenium threshold of 3 µg/g and a whole-body

selenium threshold of 4 µg/g for fish (Hamilton, 2003). In the experiments conducted by

Cleveland et al. (1993) to assess the bioaccumulation of selenium during dietary and aque-

ous exposures, bluegill did not bioaccumulate concentrations higher than those in their test

diets. Coyle et al. (1993); Cleveland et al. (1993) and Besser et al. (1993, 1996) agreed

that selenium accumulation is primarily derived from dietary sources rather than aqueous

selenium exposure. Thus, toxicity hazards to fish and wildlife are more appropriately ex-

pressed as tissue selenium concentrations in the species of interest, or their prey, rather than

as aqueous concentrations (Besser et al., 1993; Lemly, 1993a; Besser et al., 1996; Skorupa,
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1998).

Selenium has been reported to reduce growth or condition factor in Chinook salmon

(Onchorhynchus tshawytscha) (Hamilton et al., 1986; Hamilton and Wiedmeyer, 1990),

fathead minnow (Pimephales promelas) (Bennett et al., 1986; Ogle and Knight, 1989), and

rainbow trout (Onchorhynchus mykiss) (Hilton et al., 1980). Cleveland et al. (1993) showed

a significant reduction in condition factor in bluegill as a function of whole body selenium

concentration. Nakamoto and Hassler (1992) observed reduced length of yearling bluegill

in a stream with a higher selenium concentration compared to fish from a nearby stream.

No difference in growth rate was observed for bluegill of ages 2 - 4 years, suggesting that

selenium may affect growth primarily during first growing season. Coyle et al. (1993);

Lohner et al. (2001); McIntyre et al. (2008) reported no response of selenium on growth

rate of bluegill.

Selenium toxicity to bluegill has been well documented throughout the United States

(Skorupa, 1998). The bluegill is a standard laboratory test species and have been been

shown to be sensitive to selenium exposure (Lemly, 1985; Gillespie and Baumann, 1986;

Woock et al., 1987; Hermanutz et al., 1992; Besser et al., 1993; Coyle et al., 1993; Lemly,

1993b; McIntyre et al., 2008).

Life History and Demography of Bluegill

The bluegill (Lepomis macrochirus) is a warmwater sunfish (family Centrarchidae). They

occupy slow-moving water and are endemic to North America (Moyle, 2002), though they

have been widely introduced outside their native range. Their bodies are laterally com-

pressed, and they feed primarily as invertivores and piscivores. Typical size of bluegill is

200-250 mm total length, but they can grow up to 410 mm total length (Page and Burr,
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1991). The maximum recorded age of bluegill was twelve years (Paukert et al., 2001),

although the typical life span is 3-7 years (Belk, 1995).

Bluegill exhibit elaborate social structures and considerable variation in life-history

characteristics (Aday et al., 2002). This plasticity of life-histories is mainly due to envi-

ronmental influences, such as resource availability and size-specific predation, rather than

to genetic contributions (Belk, 1995; Aday et al., 2002). Age-at-maturity is tightly coupled

with size-at-maturity, which is a critical determinant of female fecundity and reproductive

success for males (Belk and Hales Jr., 1993). As sexual maturation is energetically expen-

sive, little growth occurs once bluegill mature, as energy is diverted from somatic growth

into gonadal development and reproductive activities (Edison et al., 2006).

In their native range, bluegill spawn in nesting colonies (Gross and Macmillan, 1981)

typically from May to August; nests and eggs are usually first observed around mid-to-late

May (Garvey et al., 2002). Fry begin to emerge in late May and early June (Breck, 1996),

and most hatch from mid-June to mid-July (Garvey et al., 2002). Parental males exhibit

care for their eggs and nest, resulting in high egg-to-fry survival rates (Bain and Helfrich,

1983). Some males exhibit an alternative reproductive strategy in which they are known

as “satellites” or “sneakers.” Satellite and sneaker males mature precociously and do not

build nests of their own but mimic females or use sneaking, respectively, to gain access to

fertilization during oviposition (Belk and Hales Jr., 1993; Breck, 1996; Neff et al., 2003).

Many factors affect bluegill reproductive success, including predation risk, body size, hatch

date, temperature, physical habitat, resource availability and competition for food and first

winter survival (Santucci, Jr. and Wahl, 2003; Gosch et al., 2006).

Resource and habitat limitations will influence survival, growth and fecundity in density

dependent populations (Spromberg and Meador, 2005). Breck (1996) showed that recruit-

ment failure, or year-class failure occurs early in the summer during spawning, hatching,
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and swim-up in stocked ponds. The mechanisms for year-class failure do not appear to be

starvation or overwinter mortality. A substantial mechanism producing recruitment failure

in density-dependent bluegill populations is cannibalism by juveniles (age-1 and age-2) on

eggs, larvae, and fry (Breck, 1996). Furthermore, high densities of juveniles (16.8 kg/ha

age-1 and 78 kg/ha of age-2) were shown to prevent recruitment primarily by means of

cannibalism, and 30 kg/ha of age-2 individuals resulted in only moderate abundance of fry.

Approaches to Quantifying Toxicity in Aquatic Organisms

Classical approaches to quantifying toxicity response consist predominately of experimen-

tal assays measuring effects of elevated dietary, waterborne and whole-body toxin concen-

trations to individual assessment endpoints such as survival, growth, reproductive success,

condition factor, or teratogenesis. Assessment at the population level has generally been

based on these single, individual-level endpoints (Forbes et al., 2000) by implementing

a diversity of analysis of variance (ANOVA) models to analyze experimental and obser-

vational toxicity data (Cardwell et al., 1976; Gillespie and Baumann, 1986; Woock et al.,

1987; Hermanutz et al., 1992; Besser et al., 1993; Cleveland et al., 1993; Coyle et al., 1993;

Lemly, 1993b; Besser et al., 1996; Lemly, 1997). However, toxicity impacts at the popula-

tion level may not correlate with individual toxicity responses. For instance, major impacts

on individuals may be insignificant at the population level (Ferson et al., 1996). Also, neg-

ligible impacts on individuals can sometimes cascade through population dynamics into

significant impacts at the population and ecosystem-level (Ferson et al., 1996). There is

no consistency in how accurately individual-level effects can predict population-level out-

comes (Stark, 2005).

The most common population-level measure of toxicity is its effect on the popula-
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tion growth rate (PGR), which can be expressed as the continuous growth rate r per unit

time, or by the discrete multiplicative rate, λ, where λ = er (Hansen et al., 1999; Stark

and Danken, 1999; Forbes et al., 2000; Kuhn et al., 2000; Stark and Vargas, 2003; Stark,

2005). Forbes and Calow (1999) concluded that the PGR is a better response variable

than individual-level endpoints, such as condition factor or fecundity, since r explicitly in-

tegrates individual-level responses to contaminants at the population level. Hansen et al.

(1999) performed sensitivity analyses of the PGR with respect to changes in life-history

traits of the polycheate Capitella. Similarly, Forbes et al. (2000) analyzed the elasticity of

the PGR with respect to life cycle variables in a semelparous benthic macroinvertebrate, an

iteroparous fish, a daphnid, and an algal species.

Walthall and Stark (1997) distinguished between the intrinsic and instantaneous rates

of population growth, rm and ri respectively. Here, rm can be solved for by the following

Euler-Lotka equation

1 =
n∑

k= 0

lkmk e
−rmk ,

where the summation is over the discrete ages, k, of the cohort to a maximum age n, lk is

the proportion of individuals surviving to age k, and mk is the number of mature females

produced per female of age k. Thus, rm measures the theoretical ability of a population to

increase exponentially in an unlimited environment, as defined in Lincoln et al. (1982). It

is standard to assume a 50% sex ratio by letting mk = 1/2 to count females only, but this

assumes that the proportion of females in each age class is invariant (Forbes and Calow,

1999). The instantaneous rate of change measures the ability of a population to increase

exponentially at any given time, regardless of density (Lincoln et al., 1982), and is given

by

ri = lim
∆t→0

ln(Nt+∆t/Nt)

∆t
, (1)



11

where Nt is the number of individuals at time t and Nt+∆t is the number of individuals at

the subsequent time step, t+ ∆t.

Absent in toxicology literature is evidence indicating whether the PGR is the best end-

point in assessing toxicity response at the population-level. Forbes and Calow (1999) note

that most experimental work has considered r to be be positive, indicating that the popu-

lation is growing, but for most natural populations, the instantaneous growth rate r must

tend to zero (Calow et al., 1997; Forbes and Calow, 1999), and thus λ must tend to one in

the long-term. That is, most populations exist at or near a long-term equilibrium value, at

which the instantaneous growth rate is zero by definition (Equation 1). Dennis and Taper

(1994) showed that density-dependent populations exist at a stochastic equilibrium, i.e. at

a probability distribution of abundance that remains fixed over time (Allen, 2003). Thus,

between the two types of growth rates, the intrinsic growth rate is the only meaningful

measure of effect of toxicity on the population’s growth rate. Hence, from here on, I use

“PGR” to denote the intrinsic growth rate. However, even if effects of toxicity are measured

by changes in the intrinsic growth rate, impacts on the long-term population size may be a

more revealing toxicological endpoint than impacts on PGR. Investigating both endpoints

simultaneously could be advantageous, particularly with regards to environmental stochas-

ticity. For instance, the PGR is not likely to be a relevant toxicological endpoint where

contaminant exposure reduces equilibrium population size to low abundances and thereby

increases probability of extinction due to random events.

To illustrate how increased mortality can alter both the equilibrium size and PGR, con-

sider the simplest density-dependent population model, the logistic model. The continuous

logistic model of population size u(t) as a function of time is

du

dt
= f(u) = ru

(
1− u

K

)
, (2)
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where the PGR is f ′(0) = r > 0, and the constant external habitat capacity isK (Edelstein-

Keshet, 2005). Equation 2 has an unstable equilibrium at u∗ = 0 and a stable equilibrium

at u∗ = K. Applying a simple linear stressor αu representing additional mortality, where

α < r, to the logistic model in Equation 2 yields

du

dt
= g(u) = ru

(
1− u

K

)
− αu . (3)

Equation 3 has an unstable equilibria u∗ = 0, and a stable equilibrium at u∗ = K(1−α/r)

when α < r. As expected, the PGR of Equation 3 g′(0) = r − α is decreased, but also the

equilibrium population size, K(1 − α/r), is now a fraction 1 − α/r of the environmental

carrying capacityK. Notice that both the PGR and the equilibrium size indicate population

persistence if r exceeds α. But by solely analyzing the PGR to assess a population-level

toxicity response, we would overlook that the population size has been reduced, and a

smaller population size is more susceptible to the effects of environmental variability. Even

a simple model shows that additional mortality can affect both the PGR and the equilibrium

size.

This example illustrates how population modeling can be used to calculate population-

level effects of toxicity, whether they are measured by PGR, equilibrium size or both.

Population modeling has not been extensively applied to toxicology (but see Spromberg

and Meador, 2005; Spromberg and Birge, 2005; Spromberg and Meador, 2006; Van Kirk

and Hill, 2007; Mebane and Arthaud, 2010), and population-level endpoints predominantly

consist of analyzing effects on the PGR (λ or r) of the species of interest. Furthermore, few

toxicological studies have included environmental variability (but see Van Kirk and Hill,

2007; Mebane and Arthaud, 2010), which affects population viability (Goodman, 1987;

Dennis et al., 1991). Ferson et al. (1996) agrees that any toxicity assessment must in-
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clude natural variability to claim ecological relevance. Forbes and Calow (1999) noted

that most experimental work does not include density-dependent effects, which may in-

tensify or mitigate the effects of contaminants at the population level. To my knowledge,

most ecotoxicological population models have been linear; Spromberg and Birge (2005);

Spromberg and Meador (2005, 2006); Van Kirk and Hill (2007) and Mebane and Arthaud

(2010) are the only authors to include nonlinearities in toxicological population models.

In the next chapter, I develop a discrete time, age-structured model that represents the

life-history, demography and reproduction schedules of many freshwater fish species. Fur-

thermore, I use stochastic models to analyze the effects of reduced population size and

density-dependent juvenile survival, extrapolating to population-level response based on

individual toxicity.



MODEL DEVELOPMENT AND ANALYSIS

In this section, I provide a general framework for the development of a demographic model

that aids in assessment of toxin exposure to freshwater fish. I then apply this framework to

investigate bluegill population response to selenium based on individual-level toxicity by

parameterizing the model with data specific to the bluegill-selenium system. Deterministic

and stochastic versions of the model are used to investigate effects of selenium exposure

on the equilibrium population size.

Framework for Development of Toxicological Population Models

Demographic Model

Most freshwater fish spawn once every year and populations can be efficiently described

with difference equations in which the time units are years. As is standard in demographic

modeling, the model tracks only females. Let xj be the number of females in age class

j with maximum age n, and let x0 be the number of emergent fry. Let Sj be the annual

survival rate from age class j − 1 to j, and because competition for limited and heteroge-

neously distributed resources generally influences juvenile stages (DeAngelis et al., 1980),

let S1(x0,t) be a density-dependent juvenile survival function that possesses the following

properties: 0 < S1(x0,t) ≤ 1, limx0→∞ S1(x0,t) = 0, and limx0→0 S1(x0,t) = Sb, where

0 < Sb ≤ 1 is the baseline first-year survival rate, that is, the survival rate in absence

of density-dependent effects. Under the classical contest competition model (Henle et al.,

2004),

S1(x0,t) =
Sb

1 + αx0,t

(4)

14
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where α = Sb/K and K is the carrying capacity of age 1 fish. The carrying capacity of

the whole population can be related to α as will be demonstrated below. S1(x0,t) leads

to the classical Beverton-Holt stock-recruitment model if there is no age-structure, that is,

xt+1 = S1(xt)xt, where α = (λ−1)/K, K is the population carrying capacity, and Sb = λ

is the intrinsic finite growth rate (Haddon, 2001).

This is similar to, but not mathematically equivalent to, the modified Beverton-Holt

recruitment model that Spromberg and Meador (2005, 2006) implemented to describe ju-

venile density-dependent survival rates in salmon populations. In their model, first-year

survival S1 is given by

S1(x0,t) =
1− bm

1− bm
(

1− x0,t

x1,max

) , (5)

where bm is the “baseline mortality” (Spromberg and Meador, 2006, p. 245) for age 0,

x1,max is the “maximal capacity of age 1” (Spromberg and Meador, 2006, p. 245) indi-

viduals, and t is time in years. Equation 5 describes a concave monotonically decreasing

relationship between first-year survival and age 0 abundance. The abundance, x1,t+1, of

age-1 juveniles at the subsequent time step is then given by x1,t+1 = S1(x0,t)x0,t. The de-

pendence of x1,t+1 on x0,t is also a monotonically increasing, convex relationship in which

lim
x0,t→∞

x1,t+1 =

(
1− bm
bm

)
x1,max , (6)

which I will denote by K. However, Equations 5 and 6 have unusual mathematical prop-

erties that limit their applicability to general biological situations. Only when bm = 1/2

does limx0,t→∞ x1,t+1 = x1,max, and bm is the baseline mortality only if x0,t = x1,max.
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Multiplying the numerator and denominator of S1 by 1/(1− bm) yields

S1(x0,t) =
1

1 +
bm

(1− bm)x1,max

x0,t

=
1

1 +
x0,t

K

. (7)

Thus, the density-dependent survival function used by Spromberg and Meador (2005,

2006) is a one-parameter model that is equivalent to my survival model (Equation 4) if

and only if Sb = 1. I include a second parameter Sb ≤ 1 under the assumption that survival

is not necessarily one even under density-independent conditions.

I can now describe the population with the matrix model

x0

x1

x2

x3

...
xn


t+1

=



0 0 β2 β3 . . . βn

S1(x0,t) 0 0 0 . . . 0

0 S2 0 0 . . . 0

0 0 S3 0 . . . 0
...

...
... . . . ...

0 0 . . . 0 Sn 0





x0

x1

x2

x3

...
xn


t

, (8)

where βj account for the mean number of female fry produced by one mature female in age

class j and age 2 is the youngest age that an individual can become reproductively mature.

Without loss or gain, I can analogously depict the system in 8 as

x0,t+1 =
n∑

j= 2

βj xj,t (9a)

x1,t+1 = S1(x0,t)x0,t (9b)

xj,t+1 = Sj xj−1,t , for j = 2 : n. (9c)
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Substituting Equation 9c into 9a and 9b yields

x0,t+1 =
n∑

j= 2

βj

(
j∏

k= 2

Sk

)
· x1,t−j+1

x1,t+1 = S1(x0,t)

[
n∑

j= 2

βj

(
j∏

k= 2

Sk

)
· x1,t−j

]
, (10)

i.e., with nonlinearity only in survival from x0 to x1, the system collapses into two equations

in x0 and x1.

At equilibrium, xj,t+1 = xj,t = x∗j , and substituting this into Equation 10 gives the

equilibrium equations

x∗0 = x∗1

[
n∑

j= 2

βj

(
j∏

k= 2

Sk

)]

x∗1 = S1(x∗0) x∗1

[
n∑

j= 2

βj

(
j∏

k= 2

Sk

)]

=
Sb

1 + α x∗0
x∗1

[
n∑

j= 2

βj

(
j∏

k= 2

Sk

)]
, (11)

where I used Equation 4. Let R =
∑n

j= 2 βj

(∏j
k= 2 Sk

)
, which represents the expected

number of female fry (x0) produced over the lifetime of a female recruit (x1), hereafter

referred to as reproductive potential of a population. The system in 11 has a trivial solution

x∗0 = x∗1 = x∗j = 0 and a nontrivial solution that solves

x∗0 = Rx∗1

1 =
RSb

1 + α x∗0
,
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which leads to the equilibrium solutions

x∗0 =
RSb − 1

α
and

x∗1 =
RSb − 1

Rα
,

where RSb is the expected number of female recruits into age 1 produced over the lifetime

of a female recruit under low densities, hereafter referred to as the recruitment potential.

Persistence of the population requires

RSb > 1. (12)

Emergent fry are typically not included in population estimates and will not be counted

into the equilibrium size of this system. The non-trivial equilibrium population size, E is

then

E =
n∑

j= 1

x∗j

=
RSb − 1

Rα
(1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn) ,

if S2 = S3 = . . . = Sn−1 = Sn = S, then

1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn =
1− Sn+1

1− S
.

Non-dimensionalization by the Equilibrium Population Size

Non-dimensionalization of the system 9 or 8 by E will scale out the carrying capacity pa-

rameter α. Doing so will simplify the analysis and make the system applicable to any pop-
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ulation by forcing the non-trivial equilibrium population size to be one, thereby expressing

effects of toxicity on the population as fractional reductions in the inherent environmen-

tal carrying capacity as was illustrated for the logistic growth model on page 12. Let the

dimensionless variables x̃j be denoted as

x̃j,t+1 =
Rα

(RSb − 1) (1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn)
· xj,t+1 . Thus

xj,t+1 =
(RSb − 1)

Rα
(1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn) · x̃j,t+1 for j = 1 : n .

Substituting the xj,t+1 above into the system in 9 and solving for the unitless variables

simplifies the non-dimensional system to

x̃0,t+1 =
n∑

j= 2

βj x̃j,t

x̃1,t+1 =
Sb

1 +
RSb − 1

R
(1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn) x̃0,t

x̃0,t (13a)

x̃j,t+1 = Sj x̃j−1,t for j = 2 : n . (13b)

The equilibria of the non-dimensional system satisfy x̃j,t+1 = x̃j,t = x̃∗j , which obviously

has the trivial solution x∗j = 0. The non-trivial equilibria solution is

x̃∗0 =
R

1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn
(14)

x̃∗1 =
1

1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn
(15)

x̃∗j = Sj x̃
∗
j−1 for j = 2 : n .
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Thus, the equilibrium population size of the dimensionless system, not counting fry, is

Ẽ =
n∑

j= 1

x̃∗j = 1

as desired.

Incorporating Mortality due to Toxicity

I incorporate toxin-dependent mortality into the susceptible juvenile age class. As in

Haddon (2001), I define instantaneous total mortality per year at low densities as Z =

M + tox where tox is the mortality due to toxicity and M incorporates natural, fishing,

and other sources of mortality. That is, the survival rate over one year is e−Z = e−M e−tox

where e−M = Sb. Let Mtox(C) be the additional annual mortality imposed due to toxin

exposure as a function of toxin concentration C, i.e. Mtox = 1 − e−tox. For nota-

tional convenience I define Stox(C) = 1−Mtox(C) and use Stox(C) for most derivations.

Then, overall annual survival at low densities is Sb Stox and density-dependent survival is

S1(Stox(C) · x̃0,t)Stox(C), so that the number of age 1 fish is given by

x̃1,t+1 =
Sb · Stox(C) · x̃0,t

1 +
RSb − 1

R
(1 + S2 + S2S3 + . . .+ S2S3 · · ·Sn−1Sn) Stox(C) x̃0,t

. (16)

To investigate effects of this additional mortality on persistence, I will perform a linear

equilibrium analysis of the system in 8 that now includes toxin-dependent survival on the

juvenile class. The Jacobian of 8 evaluated at (0, 0, ..., 0) is
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J
∣∣∣
(0,...,0)

=



0 0 β2 β3 . . . βn
SbStox(C) 0 0 0 . . . 0

0 S2 0 0 . . . 0
0 0 S3 0 . . . 0
...

...
... . . . ...

0 0 . . . 0 Sn 0


. (17)

Solving J
∣∣∣
(0,...,0)

~x = λ~x by back-substitution gives us an (n + 1)th order equation in λ.

We would like to find a curve that depicts the boundary between population persistence and

extinction, that is when λ = 1. This leads to the equilibrium equation

1

Sb Stox(C)
=

n∑
j= 2

βj

(
j∏

k= 2

Sk

)
= R. (18)

Persistence of the population requires that RSb Stox(C) > 1, which reduces to RSb > 1

when Stox(C) = 1 as shown in the inequality in 12.

Replacement of Equation 13a with Equation 16 and summing over all age classes ex-

cept the fry class yields

Ẽ(C) =
n∑

j= 1

x̃j =
RSb Stox(C)− 1

(RSb − 1) Stox(C)
, (19)

where Ẽ(C) is the dimensionless equilibrium population size under the effect of toxicity.

Ẽ(C) is maximally impacted, that is Ẽ(C) = 0, when Stox(C) = 1/(RSb), Ẽ(C) is

increasing with Stox(C) when 1/(RSb) < Stox(C) ≤ 1, and Ẽ(C) = 1 when Stox(C) = 1.

To establish a relationship between population-level and individual-level toxicity ef-

fects, let P (C) = 1 − Ẽ(C) be the fractional decline from carrying capacity and let the

individual-effect be Mtox(C) = 1− Stox(C), which is the toxin-induced mortality of indi-
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viduals. Then Equation 19 yields

P (C) =
Mtox

(RSb − 1)(1−Mtox)
. (20)

The population-level effect is less than the individual-level effect when P < M , i.e. when

Mtox < (RSb − 2)/(RSb − 1). I require Mtox < (RSb − 1)/(RSb) for population

persistence, (Figure 1), so the population-level effect is greater than the individual-level

effect when

RSb − 2

RSb − 1
< Mtox <

RSb − 1

RSb
. (21)

Notice for large RSb, that is, for very large recruitment potential (i.e., RSb →∞), that

lim
RSb→∞

P (C) =

 0, 0 ≤Mtox < 1

1, as Mtox → 1− .
(22)

Now I will establish a function to describe additional juvenile mortality due to toxin

exposure.

Specific form of the Toxin-Dependent Survival Function Stox(C)

In general, I want a sigmoidal response of a life history parameter to toxin concentration

(Spromberg and Meador, 2005, 2006; Van Kirk and Hill, 2007; McIntyre et al., 2008).

Typically, toxicity affects fish demography by decreasing juvenile survival S1(x0,t). Data

from an experimental setting can be used to determine the decreased survival that a toxin

imposes on freshwater fish. Survival values must first be modified to eliminate background

mortality levels experienced by all subjects in the experimental treatment to identify the
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Figure 1: Population-level versus individual-level toxicity effect for several values of re-
cruitment potential RSb. The solid line is the identity line, at which population-level effect
and individual-level effect are equal.

treatment effect of the toxin. Mortality due solely to toxin exposure is defined as

Mtox = 1− Stotal
Sc

,

where Stotal is survival rate of fish at a specified treatment level, and Sc is the survival rate

of the control fish in the same experiment (Van Kirk and Hill, 2007).

Many types of sigmoidal models are available, but I chose variations on the logistic

curve because of its well-known statistical properties and interpretation in terms of odds

(Ramsey and Schafer, 2002). Two candidate models were considered, the standard logistic

function given by

Stox1(C) =
1

1 + exp(−a+ bC + ε)
, b > 0 (23)
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and the log-logistic function

Stox2(C) =
1

1 + exp(−a+ b ln(C) + ε)
, b > 0

=
1

1 + exp(−(a+ ε)) Cb
. (24)

Stox1(C) and Stox2(C) are the survival rates at a given whole-body toxin concentration

C, b is a slope parameter, and ε is a normally distributed random variable with mean zero

and variance σ2. A more desirable model is logit(Stox1) = a − bC or logit(Stox2) =

a − b ln(C), with Stox1 or Stox2 having a binomial distribution, but the binary response

data to perform logistic regression is not typically available from experimental trials in the

published literature. However, logit(Stox) has a normal sampling distribution as n → ∞

(Ramsey and Schafer, 2002), and the logit of Stox1 and Stox2 links the response Stox1 and

Stox2 of Equations 23 and 24 to the linear models given by

ln

(
Stox1

1− Stox1

)
= a− bC + ε (25)

ln

(
Stox2

1− Stox2

)
= a− b ln(C) + ε . (26)

I expected Stox2 to be a better model because of its property that Stox2(C = 0) = 1, the fact

that C is generally lognormally distributed, and its use by others (Cedergreen et al., 2005;

Lopes et al., 2005; Mebane and Arthaud, 2010). Indeed, I found it to be a better fit (i.e.

higher likelihood) to bluegill-selenium data (see next section).

For mean toxicity response given by Equation 24, the dimensionless equilibrium popu-
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lation size from Equation 19 can be redefined as

Ẽ(C) = 1−
(

C

LC50

)b
· 1

RSb − 1
, (27)

where LC50 = ea/b is the toxin concentration at which the mean mortality is 50%, b > 0

is the opposite of the slope in the logit(Stox) vs. ln(C) line in Equation 26, and eb is the

multiplicative increase in odds of mortality per unit increase in ln(C) (Neter et al., 1989;

Ramsey and Schafer, 2002). Equation 27 explicitly identifies the relationship between the

equilibrium size of a population and the four important parameters LC50, b, R and Sb.

From Equation 19, persistence occurs when

RSb Stox > 1 . (28)

Substituting the selenium-dependent survival function from Equation 24 into the inequality

in 28 results a direct relationship amongst the four parameters LC50, R, Sb, and b. Thus,

persistence requires

C < LC50 (RSb − 1)1/b , (29)

with b > 0. Equation 27 suggests an intuitive dimensionless variable C̃

C̃ =
C

LC50

. (30)

Solving Equation 30 for C and substituting into Equation 27 reduces Equation 27 to a

dimensionless equilibrium population size as a function of a dimensionless toxin concen-
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Figure 2: Dimensionless equilibrium population size as a function of dimensionless toxin
concentration, Ẽ(C̃) = 1− C̃b/(RSb − 1), for several values of b with fixed RSb = 4.

tration:

Ẽ(C̃) = 1− C̃b

RSb − 1
, b > 0 . (31)

Figure 2 shows the graph of Equation 31 for several values of the slope parameter b with

fixed RSb = 4. Notice for any b, when the individual level effect is 50% (that is, when

C̃ = 1 or equivalently when C = LC50), Ẽ(C̃) = (RSb − 2)/(RSb − 1).

I will now implement this framework to investigate impacts of selenium toxicity to

bluegill sunfish using the log-logistic toxin survival function in Equation 24.
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Deterministic Population Model for Bluegill Sunfish

To proceed further, I need specific values for R,LC50, and b, and because Sb is typically

unknown, I will treat it as a parameter. I chose seven years as the maximum attainable

age for bluegill sunfish, as older individuals are quite rare (Belk, 1995). The reproductive

contribution of an individual in age class j is

βj =
1

2
· P (j) · F (L(j)) · Sef , (32)

where L(j) is the mean length at age j, F (L) is the length-specific fecundity, P (j) is the

age-specific maturation probability, and Sef is the egg-to-fry survival rate. Melbourne and

Hastings (2008) showed that demographic heterogeneity can affect population dynamics

and extinction probability, but I assumed of a 1:1 sex ratio as is standard in classical de-

mographic modeling. For bluegill sunfish, L(j) follows a von Bertalanffy growth model.

Parameters were estimated using maximum likelihood using different error structures, see

Table 1 (Neter et al., 1989; Haddon, 2001). Neither additive error model produced nor-

mally distributed residuals, even though the weighted model satisfied homoskedasticity

requirements better than the unweighted model. The lognormal model had the best error

properties. Figure 3 shows the different fits.

Data allowing statistical analysis of bluegill mortality as a function of whole-body se-

lenium concentration were compiled for the indicated trial durations in three peer-reviewed

studies: Lasting 60 and 90 days (Cleveland et al., 1993), 180 days (Lemly, 1993b), and

171 and 177 days (McIntyre et al., 2008). All references to selenium concentrations are

expressed in dry weight. Bluegill were exposed to cold (n = 3) and warm (n = 10) water

temperatures. The cold water exposures were intended to mimic the onset of winter con-

ditions, which were maintained at 4°C or 9°C (see Lemly, 1993b; McIntyre et al., 2008).
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Table 1: Fitting the von Bertalanffy growth model with different error structures.

Error type Model Error distribution

Additive Normal error L(j) = L∞
(
1− e−k (j−t0)

)
+ ε ε ~ N(0, σ2)

Weighted Additive Normal error L(j) = L∞
(
1− e−k (j−t0)

)
+ ε ε ~ N(0, σ2

i ),
σ2
i = σ2 L2

i

Multiplicative lognormal error L(j) = L∞
(
1− e−k (j−t0)

)
eε ε ~ N(0, σ2)

Figure 3: Comparison of the fitted curves for the von Bertalanffy growth model.
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Table 2: Model parameters and variables for bluegill sunfish.

Parameter Parameter Estimate Reference(s)

Egg-to-fry survival rate Sef = 0.88 Henry and Grizzle (2004)

Density-dependent fry- Equation 4 Henle et al. (2004)
to-age 1 survival rate

Age 1-to-age 2 S2 = 0.33 Belk and Hales Jr. (1993)
survival rate

Adult survival rate S = 0.3377 Gillen et al. (1981),
Belk and Hales Jr. (1993),
Parsons and Reed (1998),
Paukert et al. (2001),
Crawford and Allen (2006),
Sammons et al. (2006),
Sammons and Maceina (2009)

Reproductive potential R = 304.4116

Maximum life span n = 7 years Belk (1995)

Selenium-dependent Equation 24 See Figure 4
survival rate

Fecundity F = 0.0046 (L)2.839 Panek and Cofield (1978)
(eggs/spawner)

Age-2 maturity rate 0.6130 Tomcko and Pereira (2006)
Age-3 maturity rate 0.7638

Age-4 maturity rate 0.8429

Age-5 maturity rate 0.8882

Age-6 maturity rate 0.9163

Age-7 maturity rate 0.9349

Von Bertalanffy growth L∞ = 211.6618 See Figure 3,
model maximum k = 0.2189 Gerking (1962),
likelihood estimates t0 = −0.1435 Belk and Hales Jr. (1993),
with multiplicative σ̂2 = 0.0222 Schneider and Lockwood (1997),
lognormal error Schneider et al. (2000),

Paukert et al. (2001)
Tomcko and Pereira (2006)
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Table 3: Maximum Likelihood Results for the Selenium-Dependent Survival Functions.

Survival Function Type Parameter Estimates Deviance

Logistic function a = −3.4506 48.2532

Sse1 b = 0.2980

σ̂2 = 2.3962

Log-logistic function a = 5.3589 46.6784

Sse2 b = 2.2434

σ̂2 = 2.1229

The temperature in the warm water exposures were maintained at 20°C (Lemly, 1993b)

and at 25°C (Cleveland et al., 1993). Although the exposure durations and water temper-

ature regimes varied across studies, I interpret the range of experimental conditions across

studies as a reflection of environmental variability in toxicity effects. Thus, fitting a single

toxicity curve to data pooled across these studies captures this variability.

Parameter estimates for a, b and σ2 were obtained using maximum likelihood methods

applied to Equations 23 and 24. Under the assumption that the observed survival response

was random at fixed concentration values, the residual deviance indicated that the log-

logistic function was a better fit to the data (see Table 3 and Figure 4). For use in the

stochastic model (next section), I adjusted the maximum likelihood estimate (MLE) of

variance (σ̂2
MLE) for bias and replaced it with its least-squares estimate (σ̂2). That is,

σ̂2 = n/(n− 2)σ̂2
MLE , where n is the number of data points.

On average, R ≈ 304.4116 for bluegill sunfish, and selenium concentrations of C >

139.2584 will result in extinction when Sb = 1. This large value of C is due to the high

fecundities of bluegill resulting in large R. In practice though, Sb is likely to be less than

one. Given the selenium-dependent survival for juvenile bluegill described in Equation 24,
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Figure 4: Control-adjusted survival versus whole body selenium concentration. The circles
represent data from peer-reviewed studies, the thick curve is the mean survival response in
Equation 24, the dashed curves bound the 95% confidence intervals, and the dotted curves
bound the 95% predication intervals.

Figure 5 shows a graph of Sb = 1/(RSse(C)) for variable first-year baseline survival rates

Sb corresponding to when the PGR λ = 1, as established in Equation 29. Clearly, additional

mortality due to toxicity will decrease the PGR of a population, but the equilibrium size

also responds to increased mortality. As established in the previous section, the non-trivial

equilibrium size of a population is a decreasing function of toxin concentration, which is

not apparent had the PGR been used as the only population-level endpoint.

Bifurcation analysis can describe the relationship between the effects of additional mor-

tality due to toxicity on the PGR and those on equilibrium population size Ẽ, in which

the equilibrium size is considered as a function of the bifurcation parameter C, the toxin

concentration (Figure 6). The equilibrium size is the sum of the components of the non-

trivial solution to the system in Equations 14 - 15. When this sum is positive, it represents

the stable equilibrium to the dynamic system in Equations 13, in which the PGR > 1,
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Figure 5: Persistence and extinction regions corresponding to when λ = 1 and Ẽ(C) = 0,
that is Sb = 1/(RSse(C)). Sb as a function of whole-body selenium concentration for
R = 304.4116.

Figure 6: Bifurcation diagram depicting the stability change of Ẽ(C) for several values
of RSb Equation 19. The bold curves indicate that the positive nontrivial equilibrium is
stable, and the dashed curves indicate that the nontrivial equilibrium becomes unstable.
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RSb Stox > 1, the population persists, and the trivial equilibrium is unstable. The equilib-

rium size decreases as toxin concentration C increases (Figure 6). When the equilibrium

size is zero
(
Ẽ = 0

)
, the nontrivial solution to Equations 14 - 15 and the trivial solution

are both zero, and neither solution is stable. This bifurcation point

C = LC50 (RSb − 1)1/b (33)

corresponds to the location at which the PGR = 1, that is, RSb Stox = 1. When toxin

concentrations exceed this bifurcation point, the PGR < 1, RSb Stox < 1, and the trivial

equilibrium becomes stable, corresponding to population extinction. A nontrivial solution

to Equations 14 - 15 exists at concentrations exceeding the bifurcation point, but it has no

biological significance because it is negative. This solution is the unstable equilibrium to

the dynamic system in Equations 13. This exchange of stability is called a transcritical

bifurcation (Strogatz, 1994) and is the same type of bifurcation that the simple logistic

model (Equation 3) exhibits when additional mortality exceeds the intrinsic PGR, that is

when α > r. Considering the PGR as the sole population-level endpoint is equivalent to

using Figure 6 only to identify the bifurcation points, that is the points at which Ẽ = 0.

These points are identified through the linear analysis of the linear system in Equation 17.

As the toxin concentration is increased, both the PGR and equilibrium size are decreased

(Figures 5 and 6). But the decrease in population size is apparent only when I consider the

full nonlinear system in Equation 13. The impacts on the equilibrium size would have been

overlooked had I only considered the linear analysis of the system in Equation 17.

A three-dimensional plot for the persistence/extinction boundary (λ = 1) of the di-

mensionless equilibrium population size as a function of both selenium concentration and

baseline first-year survival Ẽ(Sb, C) for fixed R = 304.4116 is in Figure 7. The intersec-
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Figure 7: Bluegill persistence and extinction regions of the dimensionless equilibrium pop-
ulation size, Ẽ as a function of selenium concentration and Sb. R is fixed at R = 304.4116.

tion of the surface in Figure 7 and the C–Sb plane depicts where Ẽ = 0 analogous to the

graph of the persistence region for the trivial equilibrium in Figure 5.

Stochastic Population Model for Bluegill Sunfish

Environmental variability was incorporated into the bluegill population model, but demo-

graphic stochasticity was not. Stochasticity was incorporated into all growth and survival

rates to describe background levels of environmental variability.

Stochastic Growth

The stochastic annual growth in length of a cohort was modeled as the growth ratio in

length between two ages from the von Bertalannfy model with a stochastic component.
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Let the mean length of a cohort of age j be µj = L∞ (1− exp(−k(j − t0))) where all

parameters in µj and σ2 were estimated as described previously (Table 2), that is, the fitted

model was ln(Lj) = ln(µj) + Y with Y ~N(0, σ2). Then the log-increment in growth is

ln(Lj) − ln(Lj−1) = ln(µj) − ln(µj−1) + Z with Z~N(0, 2σ2), by properties of linear

combinations of random variables. I randomly selected L1 from a normal distribution with

mean µ1 and variance σ2. Then for j = 2, . . . , 7, I calculated a random length of the cohort

the next year as ln(Lj) = ln(Lj−1) + ln(µj) − ln(µj−1) + Z, or Lj = Lj−1

(
µj
µj−1

)
eZ ,

where I randomly select Z from a normal distribution with mean zero and variance 2σ2.

Stochastic Survival

The stochastic survival rates were modeled with mean Sef (Equation 32), S1 (Equation

4), S2 and S (Table 2). Let q denote any of these survival rates, then 0 ≤ q ≤ 1 and

logit(q) = ln

(
q

1− q

)
~N(logit(µ), σ2), where µ is the deterministic value of q. Although

the variance of the survival rates is unknown, I can select a coefficient of variation to

apply, so that σ = logit(µ) · CV . I chose CV = 20% somewhat arbitrarily, but in other

systems, this is a typical value for variability in environmentally determined demographic

parameters (Van Kirk and Hill, 2007). Then the stochastic survival rate satisfies logit(q) =

logit(µ) + ε, where I select ε such that ε~N(0, σ2) and algebraically solve for q.

For the selenium-dependent survival rate, I used Equation 24 with ε~N(0, σ2), where

σ2, a, b were estimated from data (Table 3).

Except for stochastic fluctuations, the population simulations over time reached equi-

librium at approximately 15 years. Three simulations were executed with Sb = 1, Sb =

0.5, Sb = 0.1 to demonstrate model sensitivity to Sb. The simulations consisted of 1000 in-

dependent iterations of 25 years each and the dimensionless population size at year 25 was
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extracted as a proxy for the stochastic equilibrium size. This provided a random sample

of independent equilibrium population sizes that could be observed under the given envi-

ronmental variability. This was repeated for integer whole-body selenium concentrations

C = 0− 25 µg/g.



RESULTS AND DISCUSSION

Stochastic Results

The proxy equilibrium population size decreased monotonically as a function of selenium

concentration for all simulations (Figure 8). The variability at C = 0 µg/g in Figure 8 rep-

resents the effects of background environmental variability associated with the stochastic

parameters. Boxplots of the 1000 dynamic equilibrium population sizes at each concentra-

tion (C = 0− 25 µg/g) show the equilibrium size declining with increasing concentration

and reductions were greater for Sb = 0.1 (Figure 8). Population sizes exhibited greater

variability after 25 years with Sb = 0.1 and for larger toxin concentrations. Larger variabil-

ity and declining population sizes resulted in more extinctions (Table 4). As the baseline

first year survival decreased, the 25-year extinction probability increased considerably.

Effects of Environmental Stochasticity

Environmental variability results in population sizes that can be dramatically below the

predicted deterministic size even for modest concentrations and high Sb values. Extinctions

Table 4: Number of extinctions in 1000, 25 year simulations.

Selenium concentration, µg/g dry wt. Sb = 1 Sb = 0.5 Sb = 0.1

0 0 0 0
10 0 0 0
15 0 0 2
20 0 0 8
25 0 1 11

37
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Figure 8: Simulation results. Each boxplot represents 1000 dimensionless population sizes
after a 25 year simulation at a given concentration for Sb = 1, Sb = 0.5, Sb = 0.1.
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can occur on short time horizons at concentrations well below those predicted from the

deterministic analysis. For example, about 50 µg/g whole-body selenium concentration in

dry weight will result in population extinction with Sb = 0.1, deterministically. But the

simulations experienced extinctions as low as 12 µg/g, and the 25-year extinction rate was

over 1% with 25 µg/g. Heightened extinction probabilities result from smaller populations

which are more susceptible to random events, and linear PGR analysis will underestimate

the population-level effect. Even if extinction does not occur, population sizes less than

half the size of what the environment can support can be realized even with high Sb and

low concentrations.

The coefficient of variation used in the simulations was fixed at 20% as an example

and may be quite low. Certainly larger CV values will result in an increased effect of

stochasticity with more frequent extinctions. In addition, the time frame used was rather

short, fixed at 25 years. A more standard time horizon like 100 years would result in more

extinctions.

Relationship Between PGR and Equilibrium Population Size

A goal of this research was to address the individual-to-population extrapolation problem

by assessing the equilibrium size as a measure of population-level toxicity effect, in contrast

to focusing on the population growth rate (PGR) to assess population-level toxicity.

The model in this research assumed an environmentally determined carrying capacity

that limited population size in absence of toxicity. Each age class was scaled according to

the total carrying capacity, so the dimensionless equilibrium population size is one. In ab-

sence of population-level toxicity effects, the equilibrium size is determined solely by the

environment and not by additional mortality due to toxicity. Thus, in our model toxicity
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effects were measured as fractional reductions in the environmentally determined equi-

librium size. When the population is limited by additional mortality due to toxicity, the

equilibrium size is reduced, although the habitat can still support a larger population.

Whether the equilibrium size of a population is determined by the physical environment

or by additional mortality due to toxicity, at equilibrium, the population is not growing,

that is, the finite rate of growth is one. The population’s intrinsic PGR in this model is

directly related to the product RSb, which does not change with additional toxicity-related

mortality. Although λ is not equal to R Sb, the condition λ > 1 required for persistence is

equivalent to the conditionR Sb > 1. With additional mortality due to toxicity, the potential

for a population to grow at low densities is related to R Sb Stox. But RSb Stox(C) ≤ RSb

and decreases as Stox decreases. Thus the effects of toxicity on the PGR is reflected in

R Sb Stox, and the corresponding condition for persistence is R Sb Stox > 1.

The dimensionless equilibrium size (Equation 19) also depends on R, Sb and Stox and

predicts extinction
(
Ẽ(C) = 0

)
if RSb Stox ≤ 1. The equilibrium size is a decreasing

function of Stox and hence toxin concentration C, even when the population persists (Fig-

ures 2 and 6). The size of the population may be reduced even when the PGR determin-

istically guarantees population persistence. Using the PGR as the sole endpoint to assess

population-level toxicity misses the decline in population size due to toxicity since the PGR

provides no measure of the size of the population. Finally, the PGR and the equilibrium

size as population-level endpoints are related, but the equilibrium viewpoint provides more

relevant and meaningful information about the effects of toxicity on a population.
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Relationship Between Individual-Level and Population-Level Toxicity Response

In our analysis, I defined the individual-level and population-level toxicity effect as mor-

tality, Mtox = 1− Stox and fractional reduction in equilibrium population size as P (C) =

1− Ẽ(C), respectively. This relationship is depicted in Figure 1.

The population-level effect is smaller than the individual-level effect until the individ-

ual effect is large. This is due to density-dependent juvenile survival. Additional juvenile

mortality due to toxicity results in fewer individuals competing for fixed resources; con-

sequently, the density-dependent mortality decreases. Van Kirk and Hill (2007); Mebane

and Arthaud (2010) also observed this compensatory phenomenon. A population can ab-

sorb some extra mortality before resulting in population-level effects for reasonable values

of RSb. The point at which population-level effects exceed individual effects depends on

the recruitment potential RSb. For large recruitment potential, individual mortality must

be quite large for population-level effects to surpass individual effects; Van Kirk and Hill

(2007) also observed this.

Effects on PGR are linear because Stox simply multiplies the intrinsic recruitment po-

tential RSb to generate the toxicity-influenced recruitment potential RSb Stox. However,

the effect of toxicity on equilibrium population size is nonlinear (Equations 19 and 20),

and this nonlinearity is most extreme at large recruitment potentials and low values of Sb

(Figures 1 and 7). Again, measuring effect of toxicity on PGR alone ignores the inherent

nonlinearity of the system.

Linking Population-Level Toxicity Response to Concentration

Sigmoidal response curves are standard models to describe toxicity response, and I used

variations on the logistic curve to describe toxicity response in this thesis. The logistic func-
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tion was a good model because of its desirable statistical properties. Because no additional

mortality is expected with zero toxin concentration, and toxin concentrations are gener-

ally lognormally distributed, I expected the log-logistic function to be a better model than

the traditional logistic model. When fit to bluegill-selenium toxicity data, the log-logistic

function had a higher likelihood than the logistic function. Also, the log-logistic function

reduces to a rational function of toxin concentration (Equation 24). When Equation 24 is

substituted into the equilibrium population size (Equation 19), the result is a power rela-

tionship between the equilibrium size Ẽ and toxin concentration C, in which the four key

parameters are LC50, R, Sb, and b. The LC50 is the toxin concentration in which 50% of

the experimental subjects die on average, R Sb is the recruitment potential for a population,

and b is the rate at which individual mortality increases as a function of the logarithm of

toxin concentration C. Figure 2 shows the dimensionless equilibrium population size as

a function of dimensionless toxin concentration and illustrates the sensitivity to the slope

parameter b.

Sensitivity to Sb

In practice, the reproductive potential R of a fish population is straightforward to calculate

from demographic data, but the density-independent first-year survival rate Sb is not. In

general, the reproductive potential R probably varies with density in fish, but is not nearly

as sensitive to density as Sb (Quinn II and Deriso, 1999).

Thus, I assumed that the constituent functions of R –egg-to-fry survival, growth rate,

adult survival, and maturation rate– are independent of density effects. Populations are

rarely at low enough densities to measure the theoretical age 0-to-age 1 survival rate Sb. My

application to bluegill fixed R and varied Sb to show how population persistence depended
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strongly on Sb and was very sensitive when Sb is near zero. I entertained the possibility

that Sb = 1, but that is very unlikely because some mortality will always occur even in

an environment with theoretically infinite resources. Thus, Sb is an important parameter to

consider because effects of toxicity are underestimated by assuming that Sb is near one.

Comparison with Field Data

Heightened concentrations of selenium have been identified in sections of the United States

and throughout other parts of the world. Whole-body selenium concentrations in bluegill

range from 0.43 − 51.64 µg/g dry weight in natural settings. Frequently observed whole-

body selenium concentrations range from 0.6 - 4.1 µg/g (Ikem and Egilla, 2008; Reash

et al., 2006; Burger et al., 2001; Nakamoto and Hassler, 1992; Saiki et al., 1992, 2001;

Saiki and May, 1988). Extensive studies have been conducted in the San Joaquin River

Valley, California to determine if elevated concentrations of contaminants are associated

with agricultural drainwater. Concentrations of selenium in bluegill in the San Joaquin

Valley range from 0.6 − 18 µg/g (Saiki et al., 2001). The mean selenium concentration

of bluegill in the Savannah River, South Carolina and Georgia is 1.55 µg/g (Burger et al.,

2001). Somewhat of a paradox is provided by the observations made by Reash et al. (2006)

in southeast Ohio; Reash et al. (2006) reported a mean whole-body selenium concentration

of 17.26 µg/g and range 6.15 − 51.64 µg/g in bluegill with no observed adverse effects

on survival, teratogenesis, and reproductive failure. The results of this study contradicts

previous reports showing population-level effects at much lower selenium concentrations

than those found in southeast Ohio. An association between other trace metals have been

observed to reduce the toxicity of selenium and other elements, and may provide a possible

explanation for no evident population-level effects. But there is a lack of data to quantify



44

a strong relationship (Reash et al., 2006). Concentrations as high as 50 µg/g (Reash et al.,

2006) would certainly result in considerable population-level effects experiencing environ-

mental stochasticity. But with high Sb and minimal environmental variability, it is also

possible to experience little population-level effects. In practice, though, it is difficult to

measure a population-level response without knowing the carrying capacity and PGR for

fish in absence of toxicity. Attempts to measure population-level effects of toxicity in the

field should include a comparison of populations sizes and age-distributions with those of

unexposed populations.

Experimental individual-level effect data often result in response data for low whole-

body concentrations of 0 − 15 µg/g, so I did not perform the bluegill simulations above

25 µg/g because the uncertainty would be too large for the model to be meaningful (Figure

4). Parameter estimates (b and LC50) from experimental data critically determine how the

equilibrium size declines with toxin concentration (Figure 2). Thus, more experimental

data is needed to decrease the uncertainty in parameter estimates for the sigmoidal toxicity

response curve. Van Kirk and Hill (2007) concluded that similar data deficiencies exist

in modeling salmonid response to toxicity and thus that their population-level effects may

have been underestimates.

Studies continue to support the whole-body selenium threshold of 4 µg/g for fish (Hamil-

ton, 2003). Under my model, a whole-body selenium concentration of 4 µg/g would result

in a 9.54% mean mortality response with 95% prediction range 0.65− 63.13% (Figure 4).

An average whole-body selenium concentration of 10.9 µg/g would impose an additional

50% mortality (LC50) to bluegill populations, according to our model.
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Conclusions

I developed an analytic framework to assess toxicity response at the population-level using

the equilibrium size as the primary endpoint. Populations at equilibrium do not grow, that

is, the actual finite rate of increase is one. Furthermore, when populations persist, the intrin-

sic finite rate is greater than one. Finally, the PGR provides no information about the size

of the population, thus underestimating population-level effects. In general the population-

level effect will be less than the individual-level effect until the individual effect is large

under compensatory density-dependent survival. The parameters from experimental toxic-

ity trials are essential to describe how rapidly the equilibrium size of a population responds

to toxin concentration, and generally more data is needed to lessen the uncertainty in those

parameter estimates. In addition the recruitment potential RSb, particularly the first-year

survival rate Sb is an important parameter since population-level response is very sensitive

to Sb. Assuming high first-year survival will severely underestimate the effects of toxicity

on the equilibrium size of a population. The effects of environmental variability will result

in extinctions at much lower toxin concentrations than predicted analytically.
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