The LU Decomposition
Many square matrices A can be written as a product LU where L is lower triangular and U is upper triangular. The factors are not unique unless restrictions are imposed. The most popular and convenient is to insist that L be unit lower triangular, i.e. that L have only 1’s on the main diagonal.

 The first thing to do today is do it ourselves for a generic 3 by 3 matrix. 

Let 
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Assume all the a’s are known and we want the l’s and u’s. Do the matrix multiplication in the natural order (row one, left to right, then row two, then three). You have nine equations and nine unknowns.  Solve them for the unknowns. Show all work on this page. Use the back if necessary.

Now use the results of the general 3 by 3 to find an LU factorization of 
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. Check your work by multiplying your triangular factors together to get A.

You may not realize it, but you have been performing Gaussian elimination. To see this, use the first row of 
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to eliminate the entries (create zeros actually) in rows 2 and 3 of column 1. Do this by leaving row 1 unchanged, and subtracting appropriate multiples of row 1 from row 2, then row 3. Keep track of what you have to multiply row 1 by in each case. ANSWER: You will multiply row 1 by 1 and subtract from row 2, storing the result in row 2. Then you will multiply row 1 by 2, subtract from row 3, result stored in row 3.

When column 1 is reduced, it is time to create a zero in row 3, column 2. Do this by subtracting the appropriate multiple of row 2 from row 3, storing the result in row 3. Again keep track of the multiplier. 

At this point you will have performed exactly as many operations as you did to find the LU factors.  In fact, you have actually found the LU factors. U should be obvious. Can you see how L has been found?
There is an equivalent alternative approach that needs to be understood. Here we view our elementary row operations (in our case, subtracting multiples of one row from another) as premultiplication (multiplication on the left) by an elementary matrix. Note how I do it with an example in class. Then do the same thing for 
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.
Now what does one do with LU factors? I’m glad you asked. Suppose you had to solve the system Ax = b. If A = LU, then our system is (LU)x = b. Since matrix multiplication is associative, we see L(Ux) = b. We  solve for x in two steps. First note that Ux is just a vector, which we can call y. The system Ly = b is lower triangular, so we can solve for y using forward substitution. Once y is determined, we can solve Ux = y for x using backward substitution. That’s it. 
Use the LU factorization of 
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to solve the system Ax = b if 
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It is important to be forthright. Not every matrix has an LU decomposition. Sufficient conditions are that, for an  n by n  matrix,  the determinants of the upper left 1 by 1, 2 by 2, 3 by 3, …, n by n submatrices all be nonzero.  What are the three relevant determinants in A above?
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