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20 Sample problems and definitions

CAVEAT: UNLESS STATED OTHERWISE DO NOT ASSUME A SET IS FINITE OR A 

VECTOR SPACE IS FINITE DIMENSIONAL.

1. 
Suppose V and W are finite dimensional vector spaces over the field F.  (DO NOT DEFINE FIELD OR VECTOR SPACE) Define the following as appropriate:

a. 
The set of vectors S in V is linearly independent if

b. 
The function T:V -> W , is a linear transformation if 

c. 
The linear transformation T:V -> W , is non-singular  if  

d. 
The linear operator, T:V -> V, has characteristic value c if 

e. 
Given an n by n matrix A with coefficients in F, the minimal polynomial of A is 

f. 
 Suppose A and B are n by n matrices. B is similar to A 

g. 
N :V -> V is a nilpotent operator if 

h. 
T:V -> V is a diagonalizable operator if 

i. 
The minimal polynomial of T:V -> V, denoted mT, is 

j. 
W is an invariant subspace of T:V -> V if  

k. 
The linear operator, T:V-->V ,  has characteristic value c if  

l. 
Suppose W1 and W2 are subspaces of V.   V is the direct sum of W1 and W2 if   

2. 
Suppose V and W are finite dimensional vector spaces over the field F.  (DO NOT DEFINE FIELD OR VECTOR SPACE) Define the following as appropriate:

a. 
If P  F[X] , with P = a 0 + a 1X + ... + a nX n and r  F, then  P(r) =                                    
b. 
For r  F and P  F[X], r is a root of P if                     .

c. 
If P  F[X], with P = a 0 + a 1X + ... + a nX n and T is a linear operator on V, then P (T)=

d. 
The linear transformation T:V ->W  is nonsingular if 

e. 
The linear transformation T:V ->W  is one-to-one  if

f. 
 The linear operator T:V-->V   has characteristic value c if         

g. 
Given an n by n matrix A with coefficients in F, the minimal polynomial of A is 

h. 
Suppose A and B are n by n matrices. B is similar to A if                                                      
3. 
Let f = (3,2,0,1,0,0,...) and g = (0,1,0,1,...) be polynomials. 

a. 
What is the degree of the product f.g ?

b. 
Express fg  explicitly in terms of powers of X .

4. 
Use the division algorithm to prove that if 5 is a  root of P  F[X] then X - 5 is a factor of P.

5. 
Suppose T: V -> V is a linear operator V with vectors v1, v2, and v3 so that T(v1) = v1, T(v2)= - v2, and T(v3)= 2 v3. Prove that {v1, v2, v3} is linearly independent.

6. 
Suppose U is a linear operator on a  vector space V and that c is a characteristic value for U. Prove that c 3 is a characteristic value for U 3.  

7. 
Suppose T is a  linear operator on V, a  vector space over F with T3 = T. 

a. 
Prove that if w is in both the range of T and the null space of T then  w = 0 

b. 
List all possible minimal polynomials for T. Explain briefly 

c. 
Explain why the only possible characteristic values for T are 0, 1, and -1.

8. 
Suppose T:V->W is a linear transformation. Prove: If T is nonsingular, then T is 1:1. 

9. 
Suppose T is a linear operator on a finite dimensional vector space V over the field F. 

Prove: If r is a root for the characteristic polynomial of T then  r is a root of the minimal polynomial of T.

10. 
Suppose A and B are nxn matrices. Prove that B is similar to A if and only if there are matrices C and D, with C invertible so that A = CD and B = DC.  

11. 
Suppose T is a linear operator on a  vector space V of dimension 3 over the field F. 

Assume B = {v 1,v 2, v 3} is an ordered  basis for V and T(v 1) = 3v 1+2v 2, T(v 2) = 4v 2+3v 3, and 

T(v 3) = 2v 3+4v 1. 

a. 
Give M B (T).          

b. 
Is T invertible?  YES / NO .  Explain briefly.

12. 
Let T:R3 -> R3 be defined by  T(x,y,z) = (3x , 2x-y , x + 3y - 2z).

a. 
Find the  characteristic values  of T.

b. 
Find the minimal polynomial of T.

c. 
Is T a diagonalizable operator?        Explain briefly.

13. 
Let T: T:R2 -> R2 be defined by T(x,y) = ( 7y, 5x+2y ) and  let E = (e1, e2).

a. 
Find  M E (T).         

b. 
Find det(T). 

c. 
Find the minimal polynomial for T.    

d. 
Find the characteristic value(s) of T        

e. 
Is there an ordered basis, B, for R2 of characteristic vectors for T? YES / NO . 

If YES , find such a basis,B, and find M B (T). If NO , explain briefly why there is no such basis.  

14. 
Suppose T: R 4 --> R 4 is defined by T(e i) = e i+1 for i = 1,2, and 3, with T(e 4) =  0 . 

a. 
Find the minimal polynomial of T. 

b. 
Explain briefly why T is not diagonalizable.  

15. 
Suppose T:C6 -> C6 is a linear operator and the minimal polynomial for T (over C, the complex numbers) is mT = (X2+1)(X-3)3. List all possible elementary Jordan matrices that can appear as blocks in a Jordan "canonical" matrix for T .

16. 
Suppose T:R4 -> R4 is a linear operator. Suppose the minimal polynomial for T is m = (X-3)3.  Explain why any three characteristic vectors for T  must be linearly dependent .

17. 
 Suppose  T is a linear operator on a four dimensional vector space V over the field F and the minimal polynomial of T is (X2 + 4X + 3)(X2 + 1).  

a. 
If F is the complex numbers, is T diagonalizable ? Explain briefly.

b. 
If F is the real numbers, is T diagonalizable ? Explain  briefly.

18. 
Suppose T is a linear operator on V, a vector space  over F with T 2 = T. 

a. 
Prove if w is in the range of T then T(w) = w. 

b. 
Prove that if w is in both the range of T and the null space of T then  w = 0.

c. 
Prove for any v in V ,that v-T(v) is in the null space of T.

d. 
Prove that for any v in V there is a vector r in the range of T and a vector n in the null space of T so that v = r + n.
19. 
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  and let T: R 2 --> R 2 be so that the matrix of T for the standard basis of R 2 is A . 

a. 
Find the minimal polynomial for T.

b. 
Find any characteristic value(s) of T. 

c. 
Is there an ordered basis, B, for R 2 of characteristic vectors for T?   YES / NO . If YES , find such a basis,B, and  M B (T) for that basis.     

          If NO , explain briefly why there is no such basis.
20. 
True or False: Circle the most appropriate response: Optional: You may indicate briefly the reason for your response.
a. 
If T:R n -> R is a nonzero linear transformation, then the matrix of T with respect to the standard bases for R n and R is a 1 by n  matrix A with A1,j = T(e j)..........................T...F

b. 
If a linear operator T on a finite dimensional vector space is invertible then Det (T) = 0.................................T...F 

c. 
If A is an invertible nxn matrix and B is similar to A then B is also  invertible..........................................T...F 

d. 
 The function D:P(R) -> P(R) defined by D(f) = f', where f' is  the derivative of f, is a nonsingular linear operator.......T...F 

e. 
The dimension of L(F n) over F is n 2......................T...F 

f. 
For A and B, nxn matrices, Det(A+B) = Det(A)+Det(B)......T...F 

g. 
If T:R n -> R is a nonzero linear transformation, then the dimension of the null space of T is n-1.....................T...F


h. 
The function U:R[X] -> R[X] defined by U (f) = f(5) where f is in R[X] is not a linear transformation .....................T...F   

i. 
 If A is a 5 by 5 matrix with characteristic values 1, .9, -.5, .6+.2i, and .6-.2i then {An} converges........................T.....F

Bonus Problem

You have just been hired to teach at one of the most competitive high schools in California. You have been assigned as part of a team that will be teaching the linear algebra advanced elective course in the fall semester.  The course is being designed for the top students, most of whom are planning to attend Ivy League schools in the East, Stanford, Cal Tech, or one of the UC campuses.  Since the chairperson noticed you were just completing an upper division course in linear algebra at HSU and no one else in the department  has had a linear algebra course in 20 years ( if they had one at all), your specific team assignment is to cover the topics related to 

transformations.  

The subject matter topics should correspond to the list the chairperson found  provided by the California State Department of Education in its "Mathematics Framework ..." (1985). In part 

the list of topics is : "...linear transformations, matrix representations of  transformations, characteristic vectors and values. " 

Write a general outline for the chairperson explaining briefly how you plan to organize your part of the linear algebra course. List three or four points you feel most important for the students to comprehend and show how you plan to illustrate these key aspects of the theory with examples and  some problems related to Markov models.  
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