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lemma. If X is a finite set, p a prime integer and f : X — X a mapping
satisfying fP(x) = « for all x € X, then |X| = |X'| (mod p), where
X'={x € X | f(x) =z} denotes the set of fixed points of f.
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satisfying fP(x) = « for all x € X, then |X| = |X'| (mod p), where
X'={x € X | f(x) =z} denotes the set of fixed points of f.

Remark. | X| = | X'| (mod p) <= | X|+ (p — 1)|X’| =0 (mod p).



lemma. If X is a finite set, p a prime integer and f : X — X a mapping
satisfying fP(x) = « for all x € X, then |X| = |X'| (mod p), where
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ABR: Choose X and f “just right” and the lemma gives a classical
theorem!









Lucas’s Theorem. For a prime p and integers m, r > 0, suppose

m = mp" + -+ mip+ mg;
roo= " et

with 0 < m, r; < p. Then
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What if r =7? Thatis7=0-32+2-3+1 so
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First proof is attributed to Lagrange (1773).

Francois Edouard Anatole Lucas [1842-1891]

French number theorist.
Lucas-Lehmer primality test.
Gave the well known Formula for the Fibonacci sequence

V5fa = ((1+v5)/2)" — (1 — V5)/2)".

Published games under the name M. Claus (Tower of Hanoi).






Aut(X) denotes the group of permutations on the set X.

gr € X denotes the image of x € X under the permutation induced by
g € L.



(L Ay \./ \.J \./ \/ (L Ay

Aut(X) denotes the group of permutations on the set X.
gr € X denotes the image of x € X under the permutation induced by
g € L,

Orbit: For all z € X, let {9z | g € Z,,}.

Fixed Points: For all g € Z,,, let X9 ={x € X | gr = z}.






n IS an action, then for all g € Z,,,
X9 — X(g,n)7

where (g, n) denotes the greatest common divisor of g and n.



Claim. If Z,, — Aut(X) is an action, then for all g € Z,,

X9 = x(on)

where (g, n) denotes the greatest common divisor of g and n.

Proof. The inclusion X 9™ C X9 follows since g = k(g, n) for some k € Z.



Claim. If Z,, — Aut(X) is an action, then for all g € Z,,

X9 = x(on)

where (g, n) denotes the greatest common divisor of g and n.
Proof. The inclusion X 9™ C X9 follows since g = k(g, n) for some k € Z.

The opposite inclusion follows since there are integers a, b € 7Z such that

(g,m) = ag + bn.
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Lemma — lemma:Z, — Aut(X) is defined by 1 — f, X = XP? and
X' =Xt
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Lemma — lemma:Z, — Aut(X) is defined by 1 — f, X = XP? and
X" = X Finally,

> d(p/d)| X = ¢(1)|XP| + ¢(p)|X | = |XP| + (p— 1)| X .
d|p
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L1 = Td+1

L2d+1
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L2d+1 = -+ = L(n/d-—1)d+1

L1 = Td+1

r € X% e



L1 — Td+1 — T2d+1 — = L(n/d—1)d+1
T = X = T24+2 = I —

e X9 e .2 d+2 d+ (n/d—1)d+2
Ld = Td+d = L2d+d = = I(n/d-1)d+d



L1 — Td+1 — T2d+1 — = L(n/d—1)d+1
Ty = X = = -

e X9 e .2 d+2 2d+-2 (n/d—1)d+2
Td = Ld+d = L2d+d = *°° = T(n/d—1)d+d

It follows that | X?| = a.






Corollary. [Fermat’s (little) Theorem] For a prime p and any integer a,

a?+(p—1)a=0 (mod p).

Proof. The result is trivial for a = 0 and follows from the above theorem
for all @ # 0 since (—a)? = —a®? (mod p).






Let d be a divisor of n, g € Z, be an element of order n/d, and let

0,as,...,aq € Z, be a complete set of representatives for the set of
cosets Z, /(d). Define a cycle m = w(g,as,...,aq) € X by

m = (0,as3,...,a4,9,a2+9g,...,aq+9g,...,((n/d)—1)g,...,aq+((n/d)—1)g)

where the multiplication is done modulo n.



Let d be a divisor of n, g € Z, be an element of order n/d, and let

0,as,...,aq € Z, be a complete set of representatives for the set of
cosets Z, /(d). Define a cycle m = w(g,as,...,aq) € X by

m = (0,as3,...,a4,9,a2+9g,...,aq+9g,...,((n/d)—1)g,...,aq+((n/d)—1)g)
where the multiplication is done modulo n.

Claim. 7 € X9 iff. 7 = 7(g,aq, ..., aq).















Note that

Ar = (4,1,10,7,0,9,6,3,7,5,2,11) =

and
8r = (8,5,2,11,4,1,10,7,0,9,6,3) = 7.

You can verify that 7 is a fixed point only for the elements in the subgroup
(4) of Z15. The cycle w is 1 of 324 = 2 - 33 . 3! 12-cycles fixed by the

elements in the subgroup (4).






Z [¢ (%)]2 (%)d_l (d—1)!'=0 (mod n).



Z [¢ (%)]2 (g)d_l (d—1)!'=0 (mod n).

Corollary. [Wilson’s Theorem] For a prime p,

(p—1D!'+1=0 (mod p).



where the length |||l of an element o = (o, ..., aq) € N is defined

by

SN
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