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Abstract

Single channel models of intracellular Ca*" channels such as the inositol 1,4,5-trisphosphate
receptor and ryanodine receptor often assume that Ca®"-dependent transitions are mediated
by a constant background [Ca*"] as opposed to a dynamic [Ca*"] representing the formation
and collapse of a localized Ca*" domain. This assumption neglects the fact that Ca*" released
by open intracellular Ca’>" channels may influence subsequent gating through the processes

2 from

of Ca®T-activation or Ca?"-inactivation. We study the effect of such “residual Ca
previous channel opening on the stochastic gating of minimal and realistic single channel
models coupled to a restricted cytoplasmic compartment. Using Monte-Carlo simulation
as well as analytical and numerical solution of a system of advection-reaction equations for
the probability density of the domain [Ca®"] conditioned on the state of the channel, we
determine how the steady-state open probability (pepen) of single channel models of Ca**-
regulated Ca®' channels depends on the time constant for Ca?" domain formation and
collapse. As expected, popen, for a minimal model including Ca" activation increases as
the domain time constant becomes large compared to the open and closed dwell times of
the channel, that is, on average the channel is activated by residual Ca?' from previous
openings. Interestingly, popen for a channel model that is inactivated by Ca*" also increases
as a function of the domain time constant when the maximum domain [Ca®*] is fixed, because
slow formation of the Ca*" domain attenuates Ca*"-mediated inactivation. Conversely, when
the source amplitude of the channel is fixed, increasing the domain time constant leads to
elevated domain [Ca®*] and decreased open probability. Consistent with these observations, a
realistic De Young-Keizer-like IP3R model responds to residual Ca*™ with a steady state open
probability that is a monotonic function of the domain time constant, though minimal models
that include both Ca?"-activation and Ca*"-inactivation show more complex behavior. We
show how the probability density approach described here can be generalized for arbitrarily
complex channel models and for any value of the domain time constant. In addition, we
present a comparatively simple numerical procedure for estimating p,pe, for models of Ca’"-
regulated Ca®" channels in the limit of a very fast or very slow Ca?" domain. When the
ordinary differential equation for the [Ca®'] in a restricted cytoplasmic compartment is
replaced by a partial differential equation for the buffered diffusion of intracellular Ca®" in a
homogeneous isotropic cytosol, we find the dependence of p,ye, on the buffer time constant

is qualitatively similar to the above mentioned results.
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1 Introduction

Many ionic channels of excitable and non-excitable cells are regulated by the binding of
intracellular Ca®" and this regulation is often spatially localized. For example, in sensory
hair cells of the inner ear Ca®"-regulated potassium channels are activated by increases in
the local [Ca®*] due to the Ca®" influx via spatially localized voltage-gated Ca®' channels
(Roberts, 1993; Roberts, 1994). In the process of excitation-contraction coupling in cardiac
myocytes, Ca’" influx via L-type Ca®" channels (dihydropyridine receptors) into a restricted
cytoplasmic compartment leads to activation of clusters of ryanodine receptors, sarcoplasmic
reticulum Ca®" release, and muscle cell contraction (Bers, 1992; Cheng et al., 1993; Cannell
et al., 1995). Conversely, Ca?" domains associated with voltage-gated and store-operated
Ca®' channels of the plasma membrane often promote inactivation (Sherman et al., 1990;
Zweifach & Lewis, 1995; Fierro & Parekh, 1999; Parekh, 2003). In this case, the stochastic
gating of plasma membrane Ca®" channels is influenced by the elevated [Ca®*] due to Ca**
release in a manner dependent on the unitary current of the channel and the composition and
concentration of cytosolic Ca®" buffers, including both endogenous Ca?' binding proteins
and exogenous Ca?' chelators such as EGTA and BAPTA.

Intracellular Ca®* channels such as inositol 1,4,5-trisphosphate receptors (IP3Rs) and
ryanodine receptors (RyRs) are also influenced by localized increases in [Ca®t] that are a
consequence of channel opening. For example, type 1 IP3Rs reconstituted into planar lipid
bilayers exhibit a decrease in open probability as the Ca** to Sr** molar ratio is increased in
the trans chamber corresponding to the endoplasmic reticulum (ER) lumen (Bezprozvanny
& Ehrlich, 1994). Bezprozvanny and Ehrlich hypothesized that this decrease in open prob-
ability is due to an increase in inhibitory Ca®"-feedback onto the open IP3R. Conversely,
because domain [Ca®t] near open intracellular Ca®* channels depends on the driving force
for Ca®t, decreasing the [Ca"] difference between ER and cytosol will decrease the cy-
tosolic Ca*" domain amplitude and thereby attenuate domain Ca®T-mediated inactivation
of IP3Rs. Enhanced IP3R inactivation mediated by elevated ER Ca?" has similarly been
hypothesized to account for the persistence of Ca?" oscillations in pituitary gonadotrophs
as the ER concentration decreases during agonist-stimulated Ca®" oscillations in Ca®" free
extracellular media (Li & Rinzel, 1994; Li et al., 1995; Smith, 2002b). The feedback of
Ca®' domains on channel gating and/or direct lumenal regulation may be part of the ex-
planation for differences in steady-state open probability measurements obtained using the
patch-clamp technique on native membrane—the outer nuclear membrane of isolated Xeno-
pus oocyte nuclei—as opposed to experiments using IP3Rs reconstituted into planar lipid
bilayers (Bezprozvanny et al., 1991; Mak & Foskett, 1997; Mak et al., 1998; Fraiman &
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Dawson, 2004).

Because intracellular Ca®" channels such as RyRs and IP3Rs can be activated as well
as inactivated by cytosolic Ca®", the effect of Ca?" released by open intracellular Ca*"
channels on subsequent channel gating is presumably dependent on the details of single
channel kinetics and difficult to predict a priori. Borrowing terminology from the literature
on presynaptic facilitation of neurotransmitter release that focuses on accumulation of free
residual Ca*" in the synaptic terminal (Zucker & Regehr, 2002; Matveev et al., 2004), one

2T from prior openings of intracellular Ca?' channels

might hypothesize that “residual Ca
would increase the steady-state open probability of a channel activated by Ca®', but decrease
the open probability of a Ca?*-inactivated channel. As we will see below, this is indeed the
case; however, in quantitative terms the influence of residual Ca®* on channel gating depends
on the time scale for Ca®>" domain formation and collapse compared to the characteristic time
scale for Ca®t channel gating. Furthermore, if a channel exhibits both fast Ca*" activation
and slower Ca®" inactivation, as is the case for some IPsR and RyR subtypes and many
realistic intracellular Ca®t channel models (De Young & Keizer, 1992; Atri et al., 1993;
Bezprozvanny & Ehrlich, 1994; Keizer & Levine, 1996; Tang et al., 1995; Kaftan et al.,
1997; Smith & Keizer, 1998; Swillens et al., 1998; Swillens et al., 1999; Moraru et al., 1999),
the influence of Ca*" feedback on channel gating is potentially dependent in a complicated
manner on the details of channel kinetics.

In order to clarify the possible effect of residual Ca>" on the stochastic gating of Ca®"-
regulated Ca®' channels, we formulate a mathematical model of the phenomenon by cou-
pling the stochastic gating of a single channel model to an ordinary differential equation
for the time-dependent [Ca®*] in a restricted cytoplasmic compartment or, alternatively, a
partial differential equation for the buffered diffusion of intracellular Ca®" in a homogeneous
isotropic cytosol. This formulation allows us to analyze how the steady-state open probabil-
ity (Popen) oOf four different single channel models depends on the size of a Ca*" domain—i.e,
the maximum domain [Ca*"]—as well as the time constant for domain formation and col-
lapse. Although the mathematical and computational methods described here will ultimately
be used to analyze the effect of residual Ca®" on a relatively complex channel model—the
well-known De Young-Keizer IP3R model—we introduce the model formulation using two
minimal models that exhibit Ca*" activation and Ca?" inactivation, respectively.

Some of these results have previously appeared in abstract form (Mazzag et al., 2004).
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Figure 1: Schematic diagram showing the assumed relationship between the [Ca?t] in a restricted
cytoplasmic compartment and cytosolic Ca?T-regulatory sites (open circles) of a stochastically
gating intracellular Ca?" channel. Dotted arrows represent Ca?t feedback on the channel. The
time-dependent domain [Ca®"] satisfies Eq. 9 or Eq. 14: increases (solid arrow) at constant rate
when the channel is open, and decreases (dashed arrows) at a rate proportional to the difference
between the calcium concentration in the restricted compartment (denoted by [Ca?*] or ¢) and the

bulk (denoted by [Ca?"]s or coo).

2 Formulation of the Model

We study the effect of residual Ca®™ on the stochastic gating of Ca*"-regulated Ca®" channels
by coupling a single-channel kinetic model of an ion channel of interest (see Section 2.1 and
Section 2.2) to a mathematical model of the formation and collapse of the Ca® domain that
is a consequence of—and may influence—channel gating (detailed in Section 2.3). Though
the model formulation is completely general and can be used to analyze the effect of residual
Ca”" on arbitrarily complex single channel models, for clarity we begin with a comparatively

simple case.

2.1 Two-state models of Ca?t-regulated Ca®" channels

Stochastic models of single channel gating often take the form of continuous-time discrete-
state stochastic processes; for review see (Colquhoun & Hawkes, 1995; Smith, 2002a). For

example, the transition-state diagram for a two-state channel activated by Ca®" is
kten
(closed) C = O (open) (1)
=
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where k*¢” and k™ are transition rates with units of reciprocal time, & is an association
rate constant with units of conc™time™!, 7 is the cooperativity of Ca?" binding, and c is
the local [Ca®"], that is, the [Ca®"] near a Ca®*-regulatory site associated with the channel
(see Fig. 1). The transition state diagram of the channel (Eq. 1) defines a discrete-state
continuous-time stochastic process, S(t), that takes on values in the state-space S = (C, O).

If the local [Ca®"] is constant, for example, equal to a fixed background [Ca®*] that we will
denote by ¢, Eq. 1 corresponds to the well-known telegraph process with an infinitesimal

generator or Q-matrix given by (Colquhoun & Hawkes, 1995; Norris, 1997),

—kteh ke
) : (2)

Q:(qij):< -

Note that the generator matrix can be decomposed as

0 0 —kt kT
— K 4K, = + , 3
¢ ! (k— —k‘) ( 0 o) )

where the matrices K_ and K, involve the dissociation and association rate constants,
respectively. The off-diagonal elements of the infinitesimal generator matrix give the proba-

bility per unit time of a transition from state ¢ to state 7,

. P{S(t+ At) =S5;|S(t) = S} S,
im Al (i #7),

|
Qi At—0

while the diagonal elements are such that each row sum is zero, > ;@5 = 0. In this study
of the effect of residual Ca®" on channel gating, the local [Ca*"] will generally not be given
by the constant background [Ca®t] (c,) but will rather increase or decrease depending on
whether the channel is open or closed (Fig. 1). Thus, although the stochastic process given
by S(t) and ¢(t) has the Markov property—the future depends only on the present, not on
the past—the Markov chain S(t) is time-inhomogeneous, because transition rates involving
local Ca®" are not constant but rather functions of time (see Section 2.3).

While Eq. 1 shows a transition-state diagram for a two-state channel that is activated
by Ca*" binding to a Ca®" regulatory site (Fig. 1), a two-state model that is inactivated by
Ca*" is given by,

kten
(open) O = C (closed) . (4)
=
Notice that the generator matrix of this Ca*"-inactivated channel model is also given by Eq. 2
if we reverse the order of the states: S(t) € S = (1,2) = (O, C). In order to distinguish the

Ca*" activated and Ca?" inactivated models, it is necessary to define a column vector uo
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that is 1 for open state(s) and 0 for closed states. Thus, up = (0, 1)T and the generator Eq. 3
together define a two-state model activated by Ca*", while up = (1, O)T and Eq. 3 represent
a Ca’T-inactivated channel. Below we consider these minimal single channel models in some

detail, as well as a significantly more complicated IP3R model described below.

2.2 The De Young-Keizer IP3R model

Many models of TP3Rs have been published to date (De Young & Keizer, 1992; Atri et al.,
1993; Bezprozvanny & Ehrlich, 1994; Tang et al., 1995; Kaftan et al., 1997; Swillens et al.,
1998; Swillens et al., 1998) most of which designed to reproduce various aspects of the single
channel kinetics of the type 1 IP3R, but see (LeBeau et al., 1999; Sneyd & Dufour, 2002)
for models of the IP3R-2 and -3. In spite of their complexity, the infinitesimal generator

matrices of these models can often be written as
Q=K +cK,. (5)

similar to the two-state case (Eq. 3). This notation is helpful because the Ca** dependence
of a subset of transition rates is made explicit. To convince the reader of the generality of
Eq. 5, we review the well-known De Young-Keizer IP3R model and show that it can be put
in this form.

Recall that the De Young-Keizer model views the IP3R as a collection of n independent
subunits, each of which has one binding site for inositol 1,4,5-trisphosphate (IP3) and two
binding sites for Ca®* (De Young & Keizer, 1992). As shown in Fig. 2, three processes
(IPs-potentiation, Ca®"-activation, and Ca*"-inactivation) produce eight possible states for
each TP3R subunit. After assuming certain symmetries in the rate constants—e.g., the
association rate constant (as) for Ca®* binding to the activating site is the same whether the
subunit is in state Sy, S1, Sy, or S5—and satisfying one remaining thermodynamic constraint
(didy = dsdy), De Young and Keizer chose parameters for their model IP3R to fit three
experimental observations; first, the Ca®"-dependent dissociation constant of IP5 binding to
the IP3R (Joseph et al., 1989); second, the bell-shaped equilibrium open probability curve of
the type 1 IP3R as a function of [Ca?"] (Bezprozvanny et al., 1991); and third, the rapidity
of Ca®*-activation compared to Ca®'-inactivation (Parker & Ivorra, 1990).

When deriving the generator matrix for the De Young-Keizer model, we must keep in
mind that the [P3R model is only open when all of the n subunits are in the permissive state
(S6). In the present context, this means that the n IP3R subunits are no longer independent,
that is, the [Ca®"] experienced by each model IP3R subunit depends on the state of the

other n — 1 subunits. In order to account for this subunit inter-dependence caused by



EFFECT OF RESIDUAL CALCIUM ON CALCIUM-REGULATED CALCIUM CHANNELS 8

A B o L]
Ca
S, s, , s,
/ / b,
S4 SS E” ,0?“
5 —_ a’ =
& pr
a, [Ca2+]
S S
S, trererrenensifiieinn s, o b, 1
pd C .
So Sl a5 [Ca2 ]
S, Se
b,

Figure 2: Transition-state diagram of one subunit of the De Young-Keizer IP3R model (De Young
& Keizer, 1992). A: The processes of Ca?*-activation, Ca?T-inactivation, and potentiation by IP3
result in eight possible states (Sp—S7) for each IPsR subunit. B: The kinetics on both the front
and back face of the cubic transition-state diagram in A. C: The kinetics of Ca?t activation for the
Sy = Sg transition. The same kinetics apply for the S5 = S7, Sp = So, and S1 = S5 transitions.
The channel is open when all four subunits of the model IP3R are in the permissive state, Sg.
The dissociation constants for each bimolecular reaction are given by d; = b;/a;. See Table 1 for

parameters.

Ca?" domain-mediated inactivation, the De Young-Keizer transition-state diagram must be
expanded to represent IPs-potentiation, Ca*"-activation, and Ca?"-inactivation for an entire
channel—i.e., all n subunits—as opposed to one subunit as shown in Fig. 2.

To derive the expanded generator matrix for the De Young-Keizer IP3R model, we begin
by writing the state space for a single subunit as S® = (0,1,---,7) = (Sp, S1,--- ,S7)
with the indicator of open states given by u(ol) = (0,0,0,0,0,0, LO)T because state 6 is
permissive. Assuming constant [IP3], the transition-state diagram for a single subunit of

the De Young-Keizer IP3R corresponds to an 8 x 8 generator matrix that takes the form
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QW =KW 4 K'Y that is,

o . . - ayl . . . & oayg as
by © - . . asl . . 0 - as
b5 S . . aqt . . . O ay
bs by o - : - agt e 0
QY = S U e (6)
bl . . . o . . . . . . - O ag as
b3 . . b o . . . . . . L0 - as
by - b5 . o . . . . . . . o ay
b3 . b5 b2 o . . . . . . . o
where i = [IP3], ¢ = [Ca®'], a o indicates an element leading to row sum of zero, and the

superscripted (1)’s indicate that these matrices represent the stochastic gating of a single
subunit.

The De Young-Keizer IP3R model is composed of n identical subunits, each of which
defined by Eq. 6, and all must be permissive (Ss) for the channel as a whole to be open.
Assuming n = 4 subunits, this implies 8* = 4096 channel states that can be arranged

lexicographically as follows,
S® =((0,0,0,0),(0,0,0,1),---,(0,0,1,0),---,(7,7,7,6),(7,7,7,7))..

Here the states 1, 2, 9, 4095, and 4096 are shown. The open state (6,6, 6,6) is state number
3511, because 6-512+6-64 +6 -8+ 6 = 3510. Using Kronecker products and sums (Steeb,
1997), the 8 x 8! generator matrix for the channel as a collective entity can be compactly

written,

Q(4) — Q(l) D Q(l) D Q(l) D Q(l) (7)

where I® is the the 8 x 8 identity matrix—i.e., the same size as QV—1?) is 82 x 82, and 1©®
is 8% x 8%. Using QW) = KW 4 cKJ(rl) and elementary properties of the Kronecker product

we see that the generator matrix for the De Young-Keizer IP3R can be written as,
QW =KW 4 cx

where K = K" ¢ K ¢ K" ¢ K and similarly for K(f). Thus, we have shown that
for fixed [IP3] the De Young-Keizer model can in fact be written in the form of Eq. 5.
Because the 4 subunits of the De Young-Keizer IP3R model are identical, many of the 4096

states mentioned above are indistinguishable. Consequently, it is convenient to construct an
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infinitesimal generator for this model using a reduced state space S® with each element
taking the form

)

SW = (ng,my, -+ ,ny) where an =4

and the n; indicate the number of subunits (between 0 and 4) that are in state Si(l), that
is, one of the eight subunit states shown in Fig. 2. An anti-lexicographical ordering of this

reduced state space is (Nguyen et al., 2004),

SW = ((4,0,0,0,0,0,0,0), (3,1,0,0,0,0,0,0),(3,0,1,0,0,0,0,0),- -,
(3,0,0,0,0,0,0,1),---,(2,2,0,0,0,0,0,0), (0,0,0,0,0,0,3,1), (0,0,0,0,0,0,0,4)) .

One may determine by enumeration that there are 330 elements in SW, corresponding to
the number of ways that four identical subunits can be assigned to eight states (or four
indistinguishable balls placed in eight bins). This can be quickly confirmed as 330 is “n +
m — 1 choose n” where n = 4 (the number of subunits/balls) m = 8 (the number of
states/bins). Enumerating these 330 states anti-lexicographically one finds that the open
state of the De Young-Keizer IP3R model is state 326 = (0,0,0,0,0,0,4,0). Next, the
330 x 330 matrices K_ and K, (Eq. 5) are calculated element-by-element consistent with
the transition rates of the single subunit (Eq. 6). For example, the 326th row of the generator
matrix for the De Young-Keizer IP3R model has nonzero elements representing transitions
from state (0,0,0,0,0,0,4,0) = 326 to three destination states: 257 = (0,0, 1,0,0,0, 3,0),
312 = (0,0,0,0,1,0,3,0), and 327 = (0,0,0,0,0,0,3,1). These transition rates are 4b;,
4bs, and 4asc, respectively, corresponding to one of the four subunits in state 6 making a
transition into state 2, 4, or 7. This process is automated using a special purpose Matlab
script (MathWorks, Inc.) that constructs the generator matrix of the 330-state De Young-
Keizer IP3R model (Eq. 5) from the 8-state subunit model (Eq. 6).

— OO0 —

In this paper we study the effect of residual Ca?" on Ca®"-regulated Ca®" channels with
generator matrices that take the form of Eq. 5. While not strictly required, for simplicity we
assume that the cooperativity of Ca*" binding (n) is the same for all transitions involving
Ca®" (usually = 1). Thus, throughout this manuscript a single channel model is defined
by the matrices giving the dissociation (K _) and association (K ) rate constants as well
as the cooperativity of Ca®! binding (1) and column vector indicating open states (uo).
This is a reasonable starting point, because the generator matrices defining both minimal

(Section 2.1) and realistic (Section 2.2) single channel models can be written in this form.
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2.3 Two representations of the time-dependent Ca®’" domain

We study the effect of residual Ca®" on Ca®"-regulated Ca®" channel models by coupling
the stochastic gating of a single channel model to an ordinary differential equation for the
time-dependent [Ca"] in a restricted cytoplasmic compartment or, alternatively, a par-
tial differential equation for the buffered diffusion of intracellular Ca** in a homogeneous
isotropic cytosol.

Figure 1 shows the assumed relationship between the Ca*"-regulatory sites of a stochas-
tically gating intracellular Ca®" channel and the time-dependent [Ca®*] in the case of a
restricted cytoplasmic compartment. When the channel is open, the Ca®" concentration—
denoted by [Ca®"] or ¢—is assumed to increase (solid arrow) at constant rate. When the
channel is closed, [Ca®"] decreases (dashed arrows) at a rate proportional to the concentration
difference between the restricted compartment and the bulk [Ca*"]—denoted by [Ca®"],, or

Coo- The ordinary differential equation for domain [Ca*"] is thus

alc_oz(t)_c—cOO

— = where
dt T

alt) = { 0 when S(t)=C ()

ap when S(t) = 0.

Here o has units of conc/time and is proportional to the source amplitude of the channel and
inversely proportional to the volume of the restricted compartment. From this expression, it
is clear that the domain [Ca?*] (c) fluctuates between the minimum value c,, and a maximum
of

Css = TOQ + Coo- (10)

The parameter 7 in Eq. 9 will be referred to as the time constant for Ca*" domain formation
and collapse or simply the “domain time constant.” The value of 7 is determined by the
geometry of a problem of interest and characterizes the time required for Ca®t to diffuse
from the restricted domain to the bulk. For small values of 7, increases and decreases in
[Ca?*] occur quickly each time there is a C' — O or O — C transition in the single channel
model, while for large values of 7 changes in [Ca®t] occur more slowly. If the [Ca®"] is given

by cy at time t = t;, we see by integrating Eq. 9 that until a state transition occurs,
c(t) =&+ (cg — &) e ttol/7 (11)

where ¢ is the steady-state [Ca®"] for the current state of the channel, either co, or cgs =

T + Co for a closed or open channel, respectively.

— OO0 —



EFFECT OF RESIDUAL CALCIUM ON CALCIUM-REGULATED CALCIUM CHANNELS 12

Ca*" domains associated with Ca*" channels are often modeled using reaction-diffusion
equations where the channel is viewed as a point source for free Ca®" in a homogeneous
isotropic cytosol (Wagner & Keizer, 1994; Smith, 2000; Smith et al., 2001). Under the
assumptions of a single exogenous or endogenous Ca®" buffer undergoing bimolecular asso-
ciation with Ca®",

!
Ca’* +B = CabB,

buf
kOf f

and equal diffusion coefficients for the free and bound form of the Ca?* buffer, the relevant

nonlinear reaction-diffusion equations are

d[Ca** J[CaB
Ca™] _ D.V?[Ca*'| - R (CaB] _ DyV?[CaB] + R (12)
ot ot
where the reaction terms are R = k/[Ca®t][B] — /{:z%[CaB] and the Ca®*-bound buffer
concentration is [CaB] = [B]r — [B] with [B]r indicating the total buffer concentration that

is assumed to be initially spatially uniform and therefore constant. If the Ca®" channel is
modeled as a point source at the origin (r = 0) of a spherical polar coordinate system, the
above assumptions imply (hemi)spherical symmetry and the Laplacian can be written
V2= lg 7»22
r2or | or|’
We also assume that far from the channel Ca®' and buffer are in equilibrium so that the

associated boundary conditions are,

24
lim {—27r7"2Dca[(g:: ]} = o(t) lim [Ca*"] = [Ca®t],

r—0 r—00
. 8[CaB] . [Ca2+}oo[B]T
2 _ _ _
71}_[% {—27r7" D, 5 } =0 rlirgo[CaB] = [CaBlw = [CaZ. + Kbuf

where o(t) is the source amplitude of the Ca*" channel (e.g, in units of gmoles/sec) and
Kb = k;l:]ﬁ}v /Kb is the dissociation constant of the Ca*" buffer.

For simplicity, we further assume that the source amplitude is sufficiently weak and the
total buffer concentration sufficiently high so that the homogeneous and isotropic cytosol is in
the “excess buffer limit” (Neher, 1986; Naraghi & Neher, 1997; Smith et al., 2001). Under
these conditions the free and bound buffer concentrations are well-approximated by their
equilibrium values even near the source—that is, [CaB|(r,t) ~ [CaB| and [B](r, ) = [B]eo—
and the [Ca®"] near the channel satisfies the the cable equation,

J[Ca*"]
ot

[Ca2+] _ [Ca2+]oo.

= D.V?[Ca*"] — 5
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In this equation, D, is the free Ca*" diffusion coefficient and 6 is the time constant of the

medium given by

- —1 where = — a = KbUf[B]T
. Bloo = Blr =GBl = fomy Trmr (1Y)

The diffusion coefficient D, and time constant € together imply a length scale of A = v/D.0.
In the excess buffer limit, the time constant # depends on both the buffer association rate
and the free buffer concentration far from the source. While admittedly the excess buffer
limit is assumed largely for convenience, the range of validity of this approximation is well
understood (Neher, 1998; Smith et al., 2001). In systems where the channel source amplitude
is great enough to saturate cytosolic Ca®* buffers, the excess buffer limit can be obtained
upon addition of exogenous buffers such as EGTA. For example, using k% = 1.5 yuM~1s71,
kg% = 0.3 571, [B]p = 1000 uM, Dy = 113 um?/s for EGTA, D. = 250 pm?/s, and icq=

0.05 pA, the dimensionless diffusion coefficients for free Ca*" and buffer,

(27)2D3 (K1) (27)2D2 Dy Kt

Ep =
o2k [B) ¢ o2kbut

Eec =

Y

evaluate to €. = 0.245 and €, = 554, well within the excess buffer regime (see Fig. 9.1 and
Egs. 4.4 and 4.5 in (Smith et al., 2001)).
Thus, to study the effect of residual Ca®" on channel models coupled to a homogeneous

isotropic cytosol we use a finite difference scheme to numerically solve

0
5 D.V?c — 7 7lmlir(l) {—QWTQDca—:} =o(t) Tlirlgo C=Cxo (14)

where the o(t) that occurs in Eq. 14 is analogous to the term «(t) in Eq. 9 and is a function

of the state of the stochastically gating ion channel,

a(t):{ 0 when S(t)=C

oo when S(t)=0. (15)

The source amplitude of the open channel oy is proportional to the unitary current (ic,) via
00 = icq/2F where z = 2 is the valence of Ca?" and F is Faraday’s constant. Because here
the domain [Ca*"] is a function of both space and time, the [Ca®t] used in the generator
matrix (Eq. 5) of the stochastically gating ion channel is the [Ca*"] given by Eq. 14 evaluated
at a fixed distance ry from the channel pore, c¢(r = ro,t). If the Ca*"-regulation is direct
and does not involve accessory proteins, this distance ry is presumably short and ro/\ is a

small dimensionless parameter.

— 00O —
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In summary, we study the effect of residual Ca?" on Ca®"-regulated Ca®* channels by
coupling a single-channel model to a time-dependent Ca** domain. The single channel model
specified by K_, K, , and up includes a number of parameters—the non-zero off-diagonal
entries of K_ and K. In the case of a restricted cytoplasmic compartment, there are 3
additional parameters: 7, g, Cs, and the auxiliary parameter cg; given by Eq. 10. In the
case of a homogeneous isotropic cytosol there are 5 additional parameters: 6, A, og, 79, and
Coo- Here the maximum [Ca2+] experienced by the Ca®T-regulatory site of the channel is

0o
= 57D

For example, using the parameters for millimolar EGTA above and a distance between

Css e T e where A=+/0D.. (16)

channel pore and Ca®' binding site of ro = 0.021 pgm, the maximum domain [Ca®*] (cqs)
for a 0.066 pA channel is approximately 10 uM. Note that in the case of the homogeneous
isotropic cytosol assuming the excess buffer approximation results in reaction terms that are
similar to the restricted cytosolic compartment case (cf. Eq. 14 and Eq. 9). Thus, we might
expect similar results obtained using these two distinct representations of the time-dependent

Ca’" domain.

2.4 Monte Carlo Simulation Method

Simulation of a Ca?* channel coupled a dynamic Ca*" domain is straightforward and utilizes
a numerical scheme for the time-evolution of the [Ca®t] as well as a numerical scheme that
produces an instantiation of the time-inhomogeneous stochastic process representing channel
gating. Because the simplest algorithms for simulating channel gating are first order accurate
in time, we used Euler’s method to integrate Eq. 9. The numerical schemes used to solve
Eq. 14 followed previous work (Smith et al., 1996; Smith, 1996).

For a review of Monte Carlo simulation methods applicable to stochastically gating ion
channel models see (Colquhoun & Hawkes, 1995; Smith, 2002a). Briefly, time is discretized
and at each time-step the channel is given an opportunity to change state. In a short time
interval of length At, the probability that the channel makes a transition between state @

and j is given by the elements of
W = (w;;) =1+ QAt (17)
where [ is a commensurate identity matrix, that is,
w;; = P{S(t) = S, t + At|S(t) = S;, t}

for sufficiently small At. Because @ is a function of the time-dependent domain [Ca**], the

row of W corresponding to the current state needs to be calculated at every time step. The
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non-zero entries of this row will always sum to one and can be used to partition the unit
interval. Next, a pseudo-random number generator produces a random variable uniformly
distributed on [0,1] and the transition from state i to j occurs if the random number falls
on the partition associated with column j of W. We chose At small enough so that the
diagonal entries of W are greater than 0.9 when the [Ca"] is it’s maximum value (c = c,,);
thus, most time-steps do not result in a state change for the channel. For example, for the
two-state channel with generator given by Eq. 2, the transition probability matrix W defined
by Eq. 17 is

P{C,t+ AtO,t} P{O,t + At|O, 1}

P{C,t+ At|C,t} P{O,t+ At|C,t}
kAt 1 — kAt

< 1 — kte(t)1At kte(t)"At )

In this case At would be chosen to satisfy At < 0.1/ max (k*cl,, k™).
This Monte Carlo simulation method generalizes readily when channel models with more
states are used (Colquhoun & Hawkes, 1995; Smith, 2002a). Appendix A presents an exact

simulation method applicable to the case of a restricted cytoplasmic compartment (Eq. 9).

3 Results

3.1 Monte-Carlo simulation of the effect of residual Ca?t on two-

state channels

In order to clarify how changes in the observed open probability (popen) may be a function of
the the source amplitude of the open channel (ag) and the time constant (7) for Ca®* domain
formation and collapse in a restricted cytoplasmic compartment, we analyze the two-state
models described above, one of which is activated by Ca*" (Eq. 1), and the other inactivated
by Ca?" (Eq. 4). In this section we assume a spatially restricted cytosolic compartment and
model the the dynamics of the time-dependent Ca®*" domain using Eq. 9.

Figure 3 shows representative Monte Carlo simulations of the two-state Ca**-activated
channel (Eq. 1). When the channel is not conducting Ca** (ay = 0), but rather gating in
the presence of a constant background [Ca®*] of co, = 0.1 uM, these parameters imply an
equilibrium open probability of pype, = 0.17. The general expression for p,,e, under these

conditions,
C—0 k*cl .

Powven =607 C— 0 kot k- Lt K
can be found algebraically or, as indicated by the first equality, using a diagrammatic ap-

(18)

proach; for review see (Hill, 1977). Here the cooperativity of Ca®" binding is = 1 and
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Figure 3: Monte Carlo simulations of a Ca?"-activated channel using different time constants (7)
for Ca?* domain formation and collapse in a restricted cytoplasmic compartment. A: 7 = 10"% s,
a comparatively fast Ca?* domain. B: 7 = 1073 s, intermediate. C: 7 = 10~2 s, slow. The dotted
line denotes the average [Ca®'] over the last 250 ms of a 1 sec simulation (5.5, 9.5, and 9.5 uM,
respectively). Parameters: n = 1, kT = 2 uM~'ms™! and k=~ = 1 ms™'.
the rate constants k™ = 2 uM~'ms™" and &~ = 1 ms™! lead to a dissociation constant
of K = 0.5 uM. When a channel is conducting Ca®" (ag > 0), its stochastic gating oc-
curs in the presence of a time-dependent Ca?" domain with concentration in the range
Coo < [Ca2+] < s = TQp + C. Comparing the columns of Fig. 3, we see that for small
7 the domain [Ca®*] increases and decreases quickly (A), for large 7 the domain fluctuates
more slowly (B and C), and that p,pe, dramatically increases as the domain time constant
increases from 7 = 107 to 1073 s (A to B). This range of 7 is consistent with theoretical
and experimental results indicating that domain [Ca®*] may change by tens of micromolar
in a millisecond (Smith et al., 1998; Thul & Falcke, 2004). The three simulations in Fig. 3
use different source amplitude for the open channel («g) in order to focus on the effect of the
domain time constant (7) rather than the maximum domain [Ca®*] (c,,). In each simulation,
the value of ag is chosen so that the maximum [Ca®*] in the restricted cytoplasmic space is
fixed at cgs = 10 puM, that is, ag = (¢ss — ¢oo) /7 in Fig. 3A-C (see Eq. 10).

Figure 3 demonstrates that the effect of residual Ca*" on a two-state Ca**-activated

channel depends on the domain time constant (7). After controlling for the domain size (cs;),
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we find that a slow Ca®" domain promotes Ca" activation. We also find that increasing
the source amplitude of the channel (o) while keeping the domain time constant fixed
leads to increased pepen (not shown). A qualitative explanation of these effects of residual
Ca”" begins by noting that the O — C transition is unimolecular and does not depend on
[Ca®"]; consequently, the open dwell times are exponentially distributed with parameter and
mean 1/k~. However, the C — O transitions are bimolecular and do depend on [Ca®*].
Because this variable transition rate is always greater than or equal to the value obtained
when the channel isn’t conducting Ca*"—k*c¢(t) > ktc,—it is no surprise that Dopen, 1S an
increasing function of ag (not shown). Furthermore, because this C' — O transition rate
k*c(t) decreases as the channel dwells in the closed state (¢ = co in Eq. 11), a slow Ca*"
domain means that residual Ca?" ‘lingers’ and promotes Ca®"-dependent activation. This
explanation of why pgyey is an increasing function of the domain time constant is supported
by the observation that the average [Ca®'] experienced by the channel is higher when the

domain is slow (see dotted lines in Fig. 3).
— 000 —

Intuitively, one might expect the situation to be reversed in the case of a two-state channel
that is inactivated by Ca*" (Eq. 4). However, the Monte Carlo simulations of Fig. 4 show
that this is not the case. While it is true that increasing the source amplitude of the Ca?*-
inactivated channel leads to a decrease in pype, (not shown), after controlling for the domain
size (cs5) we observe that increased domain time constant leads to increased pope, (compare
columns of Fig. 4). Though the overall increase in pype, is not as large, the direction of
the effect of residual Ca?" is not reversed but rather identical to that obtained for the two-
state Ca*"-activated channel (cf. Fig. 3). This counter-intuitive result can be explained by
remembering that in the case of the Ca?'-inactivated channel, it is the C' — O transition
that is unimolecular giving a mean closed dwell time of 1/k~. Conversely, the O — C
transition is bimolecular and the transition rate k™ c(t) increases as the channel dwells in the
open state (& = ¢y, in Eq. 11), that is, for the Ca*"-inactivated channel, a fast Ca®* domain
means that residual Ca*" accumulates more quickly and promotes inactivation. Thus, relief

from Ca?*-inactivation as the domain time constant 7 increases causes Dopen tO be slightly
larger in Fig. 4C than Fig. 4A.

— OO0 —

Using channel parameters from Figs. 3 and 4, Fig. 5 summarizes a large number of Monte

Carlo simulations of the two-state Ca?t-activated and Ca’*-inactivated channel models. The
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Figure 4: Monte Carlo simulations of a Ca®"-inactivated channel using different time constants (7)
for Ca?* domain formation and collapse in a restricted cytoplasmic compartment. A: 7 = 10"% s,
a comparatively fast Ca?t domain. B: 7 = 1072 s, intermediate. C: 7 = 1 s, slow. The dotted line
denotes the average [Ca®*] over last 250 ms of a 1 sec simulation (0.6, 1.7, and 2.0 M, respectively).
Parameters: n = 1, k¥ = 0.2 uM'ms™! and &~ = 0.1 ms™".

filled circles in Fig. 5A and B show that when ¢, is fixed at 10 M, popen s @ monotonic
increasing function of the domain time constant (7). This occurs regardless of whether the
channel is activated or inactivated by Ca®" (compare panels A and B). In the former case,
residual Ca*" of a slow domain decays more slowly leading to increased activation. In the
later case, residual Ca*" of a slow domain accumulates more slowly leading to relief from
inactivation.

The open squares of Fig. 5 summarize a similar study in which the maximum domain
concentration (css) is not controlled. Instead, the source amplitude of the channel (ayp) is
fixed and, as indicated by Eq. 10, this implies that changes in the domain time constant
(1) lead to corresponding changes in domain size (css). Here we find that increasing
and ¢,y simultaneously leads to increased pepe, in the case of the Ca**-activated channel
and decreased popen, in the case of the Ca’?T-inactivated channel. Figure 5 also shows results

obtained using methods detailed below that are consistent with the Monte Carlo simulations.
— 000 —

To summarize, some Monte Carlo simulation results of two-state Ca?"-activated and
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Figure 5: Summary of results of the effect of the domain time constant (7) on the observed
open probability (popen) of the two-state Ca*T-activated (A) and Ca?'-inactivated (B) channels.
Analytical estimates described in Section 3.2 giving popen in the limit of small (dot-dashed lines)
and large (dashed lines) T agree with Monte Carlo (filled circles and open squares, Section 3.1) and
probability density (solid and dotted lines, Section 3.3) simulation results using fixed domain size
(css = 10 uM, solid lines and filled circles) or fixed source amplitude (g = 990 uM/s, dotted lines

and open squares). Channel gating parameters as Fig. 3 in panel A and Fig. 4 in panel B.

Ca?*-inactivated models are quite intuitive; for example, the dependence of Dopen, Ol Qg
and the results obtained when 7 is varied with fixed «g. However, other results such as
the dependence of pgpe, on 7 for fixed ¢y, are counter-intuitive. This suggests that it may
be difficult to predict the effect of residual Ca** on the observed open probability of more
complicated single channel models and motivates the development of a general biophysical

theory for the phenomenon.

3.2 Analytical estimates of the effect of residual Ca®* on two-state

channels

An important aspect of the summary presented in Fig. 5 is that all four parameter studies
give results that asymptotically approach fixed values in the limit of a fast (small 7) or slow
(large 7) Ca?" domain. Monte Carlo simulations show that Dopen. Monotonically increases or
decreases between these limiting values. In this section we estimate these limits, focusing
again on the case where ¢y = ayT + ¢ remains fixed as 7 is varied. We denote the limiting

values of popen, as 7 — 0 Or 00 &S Popen, AN Dopen, respectively.
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The values of 7 for which these estimates are likely to be accurate can be established
by considering the range of time constants associated with the channel. For both the Ca?**-
activated and Ca®'-inactivated channel, one dwell time is constant (1/k~) and the other
variable (1/k%c(t)" with ¢ < ¢ < ¢4). Using p = 1, k¥ = 2 pM'ms™! and k= = 1
ms~!, we find the time constants associated with channel gating are thus 1/k~ = 1 ms and
1/k*cl, = 0.05 ms through 1/k*¢2 = 5 ms. The broken lines of Fig. 5 show that when the
domain time constant 7 is an order of magnitude smaller or larger than these values, popen
is well-approximated by either popen OT Popen -

In the limit of fast domain Elation and collapse (small 7), the periods of time when
the [Ca®'] is changing become insignificant and the Ca®* regulatory site of the channel is to
good approximation exposed to the steady-state domain [Ca2+] associated with each state,
that is, [Ca®"] & co when the channel is closed and [Ca*"] =~ c,, when the channel is open.
Because the Ca**-dependent transition of the two-state channel activated by Ca®" originates

from a closed state, poper is in this case

B C -0
Poren = 57010 — 0O

ktel, cn
kTl 4+ ko + K

(19)

Using ¢ = 0.1 pM and the parameters of Fig. 3 we find pgpe, = 0.17. For the two-state
channel inactivated by Ca?", the Ca?"-dependent transition originates from an open state
and we find a different result,

B O«—C
Porer = 57010 S C

k™ K"
- - 20
k™ + ktcl, ol + K (20

which using css = 10 uM gives popen, = 0.05.
For the simulations where ozozheld constant, the substitution c,, = Tag + ¢ is made
before taking the limit 7 — 0. When c¢,, is not controlled and instead aq is fixed, the
open probability for the Ca*"-activated channel in the small 7 limit remains Popen = 0.17.
However, for fixed o the open probability for the Ca?"-inactivated channel intE small 7

limit is

‘ KN KN
ZM:}'EI(I]{KW—{—(QOT—FCOO)”} T K+l
Or Popen, = 0.83.
Hof the above estimates for pp., are consistent with the Monte Carlo simulations of
Fig. 5 and are presented as bmkemes in this figure. In Section 3.4 we show how this

approach can be generalized to arbitrarily complex channel models.

— 00O —
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Estimating Doper, in the case of a slow Ca”" domain (large 7) is slightly more complicated.
We begin by noticing for large values of 7 in both Fig. 3 and Fig. 4 the [Ca®'] is nearly
constant. We denote this unknown value by ¢, and assume that for large 7 the growth in

[Ca2+] is proportional to the open probability of the channel so that c, is given by

Cyx = CssPopen + Cxo (1 - popen) (21)

O Cy = CqPopen T Coo Where ¢q = €55 — Coo is the maximum increase in [Ca2+] above background
experienced by the open channel. We surmise that Dope, for the Ca’"-activated channel in

the case of a slow domain (large 7) is given by simultaneous solution of Eq. 21 and

cl
EE Ty (22)

Popen =

Similarly, in the large 7 limit Dope,, for the Ca*"-inactivated channel is given by simultaneous

solution of Eq. 21 and
KN

-
cy + K7
These estimates for pg,e, are validated by their agreement with the results of Monte Carlo

(23)

Popen =

simulation (Fig. 5).
— 000 —

The form of Eqs. 19-23 makes it clear that the dissociation constant K for Ca*" binding
to a two-state Ca’" regulated Ca*" channel determines the limiting open probability for
very fast or slow Ca®t domains. When the channel rate constants (k* and k=) are both
decreased by a factor of 10, this results in a log unit rightward shift of the pype, vs. T curves,
but the limiting values for a fast and slow domain do not change (not shown).

Figure 6 demonstrates the effect of changing the dissociation constant K by comparing
Popen. @8 a function of 7 for both two-state models using K = 0.5 uM (as Fig. 5, thin lines)
and K = 5 puM (thick lines, k= increase ten-fold, k™ unchanged). Regardless of whether
Css OT 0y is fixed, this increased in the dissociation constant for Ca*" binding causes Dopen
to decrease for the Ca*"-activated channel and increase for the Ca*"-inactivated channel.
These observations—as well as the fact that the limiting values poper, and popen, €ither may
or may not change—are all consistent with Eqs. 19-23. -

Changes in the dissociation constant for Ca®" binding to the two-state channel cause
vertical shifts in the pype, vs. 7 result. Similarly, changes in rate constants (for fixed K)
leads to horizontal shift (not shown). However, neither parameter change influences the
qualitative aspects of the effect of residual Ca?' on two-state channels. The relationship

between the limiting values popen, and Pope, is not sensitive to the particular parameters
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Figure 6: The effect of the domain time constant (7) on the observed open probability (popen) is
qualitatively the same when the dissociation constant is increased from K = 0.5 uM (thin lines)
where k™ and k~ are as Fig. 5 to K = 5 uM (thick lines where k™ is increased 10-fold). Results are
shown for both fixed domain size (css = 10 uM, solid lines), and fixed source amplitude (ag = 990
uM/s, dotted lines). The value of pypen, in the small and large 7 limits decreases with increasing K
for the Ca?"-activated channel (A) and increases for Ca?"-inactivated channel (B). Calculations

performed using the analytical methods discussed in Sections 3.2 and 3.3.

chosen for the channel kinetics. In the case of the Ca*"-activated channel, for example, as

long as 7 is an integer, Popen < Dopen for any k=~ and k% (cf. Egs. 19 and 22).
— 000 —

Figure 7 shows a graphical method of estimating Doper, in the large 7 limit. The dashed line
in Fig. 7TA shows Dopen, 0f the Ca?*-activated channel plotted as a function of the unknown c,,
while the solid line shows the linear dependence of ¢, on possible values of Pype,, ranging from 0
to 1. The intersection of these two curves (filled square) corresponds to simultaneous solution
of Eqs. 21 and 22. The dotted line in Fig. TA shows Pope, of the Ca®t-inactivated channel
and the equilibrium (filled circle) corresponding to solution of Eqgs. 21 and 23. Figure 7B
uses this graphical technique to make it clear that in the large 7 limit there may be more
than one solution pair (Popen,c«) for the two-state channel activated by Ca®*. In fact, there
are three equilibria using parameters of Fig. 3 when the cooperativity is increased to n = 4.
Conversely, Fig. 7C shows that for the two-state channel inactivated by Ca®" there can be

only one equilibria.
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Figure 7:  Graphical technique for estimating popen of Ca?*-regulated Ca?* channels coupled
to a slow Ca?t domain. Solid lines plot the linear relationship between the unknown limiting
[Ca?*] (ci) and the equilibrium open probability assumed by Eq. 21. Broken lines plot Dopen a5 a
function of ¢, as determined by the single channel model. Intersections represent stable or unstable
equilibria. A: Dashed and dotted lines correspond to Ca?*-activated (Eq. 22) and Ca’T-inactivated
(Eq. 23) channel, respectively. B,C: Broken lines show Popen for the Ca?t-activated (B) and Ca®-
inactivated (C) channel using different values of cooperativity of Ca®" binding (n = 1, 2, 3, 4).
Linear relationship between ¢, and Dopen, (solid lines) is curved on log-log plot. Other parameters

as Figs. 3 and 4.

Because a cooperativity of 7 = 4 may seem unrealistic, Fig. 8A presents a graphical
analysis of the large 7 limit for a two-state Ca*"-activated channel with n = 2 (see legend
for rate constants). Once again, we observe three equilibria: (Popen = 5.6 X 1074, ¢, = 0.11),
(0.25, 2.6), and (0.73, 7.3). Assuming the initial state of the channel is closed, Fig. 8B shows
several Monte Carlo simulations that differ only by the initial [Ca®*] and demonstrate that
the lower and upper equilibria of Fig. 8A are stable while the middle equilibrium is unstable.
Here the domain time constant is quite slow (7 = 300 ms) and it takes several seconds for
Popen and ¢, to equilibrate. Figure 8C shows that although the relaxation to the equilibria is
faster and the [Ca®*] fluctuations are larger, the graphical analysis is still essentially correct

when the domain time constant is reduced to 7 = 30 ms. Of course, 7 can be reduced to the
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Figure 8: A: Linear dependence of ¢, on Dopen, assumed by Eq. 21 (solid line) and Popen, as a
function of ¢, for the two-state Ca?T-activated channel (dashed line) given by Eq. 22 with n = 2,
kT =200 pM~'ms—! and £~ = 4000 ms~!. Intersections represent (PopenC+) equilibria in the limit
of a slow Ca®" domain. B,C: [Ca®T] as a function of time during Monte Carlo simulations with
initial value of 2.2, 2.4, 2.6 and 2.8 uM (solid lines) plotted with the unstable (dotted line) and
stable (dashed lines) equilibria. In ms: 7 = 300 (B) and 30 (C).

point where the domain is no longer slow compared to channel dwell times and the graphical

analysis does not apply.

3.3 Probability density formulation for the effect of residual Ca**

on two-state channels

The analytical methods discussed in Section 3.2 give estimates of the effect of residual Ca*"
O Popen Of two-state channels in the limit of a very fast or slow Ca*" domain (small and
large 7). An alternative and more sophisticated approach that allows analytic calculation
of Popen, Without assuming an extreme value of 7 begins with writing the probability density
functions for the domain [Ca®*] jointly distributed with the state of the channel (Fox & Lu,
1994; Bertram & Sherman, 1998; Nykamp & Tranchina, 2000; Smith, 2002a),

pi(c,t)de =P {c < [Ca*] < c+dcand S(t) = S;}.
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Using Bayes’ formula these probability densities can be related to the to the probability

densities for domain [Ca*"] conditioned on the the state of the channel,

P{c<[Ca*"] <c+dc|S(t)=S8} = P{c< [Ca2+l]3 ?Si;;ic‘;ﬁd S(t) = Si}.

That is, if the probability density p;(c,t) is integrated over all possible Ca*" concentrations,

the probability of finding the channel in state ¢ is obtained,
m=P{S(t) =8} = / L pi(c,t)de.

Although we are studying the the effect of residual Ca*" on the gating of single channels,
the probability density approach is appropriate. The densities p;(c,t) correspond to the
probability of observing a given domain [Ca®*] (c) and channel state (S;) at time ¢ when
sampling from a large number of identical Monte Carlo simulations such as Figs. 3 and 4.
Importantly, the time-dependent probability densities p;(c,t) can be related to one an-
other, to the parameters of the single channel model, and to the assumed dynamics of the
Ca?* domain. To give a concrete example, consider the two-state Ca*"-activated channel

(Fig. 3) and write pc(c,t) and po(c,t) as the joint probability density functions,

pclc,t)de = P{c< [Ca*] < c+dcand S(t) =C}
po(c,t)de = P{c<[Ca*"] <c+dcand S(t) =0}.

After a little thought, one can write a the following system of advection-reaction equations

expressing a conservation law for these joint probability densities,

9pc _ _99c

% = o ktcpe + k" po (24)
0 0
% = —% + koo — kK po (25)

where ¢c and ¢ are probability fluxes given by

delet) = Jole)pelet) where jo(e) = ———= (26)

C— Cso C — Css

do (c,t) = jol(c)po(c,t) where jo(c)=ag— — = (27)

In these equations, the functions of [Ca®*] denoted by ji and jo correspond to the determin-
istic dynamics of the Ca®" domain, i.e., the right hand side of Eq. 9—note that the source
amplitude parameter aq is present in jo but not jo. Eqs. 24-27 represent a conservation
law indicating that the time-evolution of probability density at any [Ca*"] can only change

due to the impact of the distinct deterministic dynamics of [Ca®t] depending on channel
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state (the advection terms) or the stochastic dynamics of the Ca*" channel that occur with
different kinetics depending on [Ca®*] (the reaction terms).

The boundary conditions for Eqs. 24-25 can be determined by considering the probability
fluxes for the closed (¢¢) and open (¢o) channel at the left (co) and right (css) boundary
values for [Ca®t]. Notice that jco is negative in the biophysical range co < ¢ < ¢y and
zero at ¢ and, consequently, probability density associated with the closed state cannot
advect across ¢, from the right (i.e., from Ca*" concentrations greater than c.;). On the
other hand, jo is positive for ¢, < ¢ < ¢gs and nonzero at co. To ensure that probability
density associated with the open state does not advect across ¢, from the left (i.e., from
Ca®' concentrations less than c.,), we enforce ¢o (oo, t) = 0 (zero probability flux) which
in turn implies po (¢oo, t) = 0 (zero probability density). A similar argument for the upper
boundary value (cs5) leads to the condition pe (css,t) = 0 to ensure ¢¢ (cgs,t) = 0. Thus,

the boundary conditions that we associate with Eqs. 24-25 are,

pc (Cssu t) =0 (28>
PO (COOa t) = 0 (29)
Notice that for both Eqgs. 24 and 25, the joint probability density (p;, i € {C,0}) is con-

strained to be zero at the one boundary (either c., or cs) where the advection rate (j;) is

nonzero; consequently, each equation has one associated boundary condition, as required.
— 000 —

While Egs. 24-27 can be solved numerically (see last paragraph of Appendix C), here we
focus on stationary (time-independent) solutions that can be obtained analytically. Setting

the time derivatives to zero, we find that for the Ca*"-activated channel,

d . _

0= - licpc] — kT c"pe + k™ po (30)
d ..

0= de Lopol + k¥ c"pe — kT po (31)

where po(c) and po(c) are functions of [Ca®t] but not time. Notice that if a stationary
solution (pc, po) of Egs. 30-31 is found, then (ppc, ppo) is also a solution where p is an

arbitrary constant. This constant is constrained by conservation of probability, that is,

| et + pot@nde =1, (32)

Given an appropriately scaled set of time-independent solutions, the equilibrium open prob-

ability is found by integrating the joint probability density for the open state over all Ca*"



EFFECT OF RESIDUAL CALCIUM ON CALCIUM-REGULATED CALCIUM CHANNELS 27

concentrations,
popen:/ pol(c)de. (33)

As mentioned above, this expression for pepe, corresponds to the equilibrium open proba-
bility that would be observed in a long Monte Carlo simulation such as those presented in
Section 3.1. We can think of pc(c), po(c), and the final answer, popen, as being parameterized

by the domain time constant (7) as both jo and jo contain this parameter.
000 —

The first step in solving Eqgs. 3031 is to sum them and conclude that at steady state the
total probability flux ¢r = ¢c + do = jopc + jopo satisfies

d . )
0= T ljepe + jopo) -

This implies that ¢r is constant (not a function of ¢) and furthermore this constant must be

zero to satisfy the boundary conditions (Egs. 28 and 29). Thus, we can write

, , € — Coo ¢ — Cgq
Jepc + Jopo = — e po =10

where we have used Eqgs. 26 and 27. Because ¢r = 0 the probability fluxes ¢co(c) < 0 and

¢o(c) > 0 are equal and opposite and we can express po as a function of pg,

Css — C

po = po- (34)

C — Coo

Using this expression we eliminate Eq. 30 to obtain,

d [_c—css

Css — C

0=

- — k-
de pPo Po

Coo

po} +kten

which after differentiating and rearranging gives the following linear ordinary differential

d 1—7" teh
pO:< T T )Po (35)

de Css — C  C— Coo

equation for po,

where 77 = k*t7 and 7= = k*7. Assuming for the moment that n = 1, we can separate
variables and integrate to find

C —_1 +
Inpo —Injo — /(T + L ° )dc (36)

C— Css C— Coo

= (=1 (CSS_E) +77(c—¢) + 7 e In <E_C°°) (37)

Css — C C — Coo
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where ¢ is some point on the interior (co, < € < ¢s5), po(€) = po, and we have eliminated
absolute value signs in the logarithms using ¢ < ¢, and ¢, < ¢. Exponentiating Eq. 37 and

using Fq. 34 we find,

where p is a constant chosen to satisfy conservation of probability (Eq. 32). Finally, we
use Eq. 33 and a similar expression for p..s.q to arrive at an expression for the equilibrium

probabilities of the two-state Ca?"-activated channel,

Dopen = ,5/ e e (Css — C)T_fl (c— coo)7+c°° de. (40)
Note that the constant p does not have to be found when both Eq. 38 and 39 are integrated
because
1 Pclosed fcc:os eT+C (CSS - C)T7 (C - Coo)T+COO_1 dc
Popen = 77—~ where 5 = = — m — 2
1+¢ Popen [ > e (cgs — ©) (c— o) “dec

and & does not depend on p. Appendix B shows the derivation of the steady-state joint
probability densities pe and pe for cooperativity of Ca?' binding 7 greater than 1.

— OO0 —

Figure 9 plots these analytical expressions for the stationary joint probability densities p¢
(Eq. 39, top panels) and po (Eq. 38, bottom panels). In Fig. 9A the domain is comparatively
fast (7 small) so the probability density accumulates near c,, when the channel is closed and
¢ss when the channel is open. Consistent with Eq. 38, pc — o0 as ¢ — ¢, from above because
TTes < 1in Fig. 9A, i.e., there is a negative exponent in the (¢ — ¢,) term of po. Because
T~ < 1, po also diverges as ¢ — ¢4 from below. Although po and po diverge, they remain
integrable as probability densities must. Figure 9B shows the probability densities for a
slower domain; here p¢ has shifted toward higher [Ca*]. In Fig. 9C the Ca*" domain is quite
slow (large 7) and the range of Ca*" concentrations likely to be observed is approximately
the same regardless of whether the channel is open or closed. All of these observations are
consistent with the Monte Carlo simulations presented in Fig. 3. Indeed, Figure 9A-C and
Fig. 3A—C use the same values of 7 and can be directly compared. Also notice that these

plots satisfy the boundary conditions (Eqs. 28-29).

— 00O —
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Figure 9: The joint probability densities pc (top panels) and po (bottom panels) given by Eqgs. 38
and 39 for the two-state Ca?"-activated channel are plotted for three different Ca?t domain time
constants: 7 = 107* (A), 1073 (B), and 1072 s (C). Scaling of y-axis changes in A-C for clarity,
but is identical for each (pc,po) pair. The numerical values near each density gives the integrated

area corresponding to peiosed and popen. Probability densities that diverge at co or cgs are clipped.

Figure 10 is similar to Fig. 9 except that the stationary joint probability densities p- and

po are plotted for the Ca®*-inactivated channel. In this case po and po solve,

d .. _
0= —="ljopo]l = k7¢"po + K~ pc
d .. _
0= ——ljcpc] + k7 ¢"po — K~ pc
c
and repeating the analytical work presented above,
po = ﬁeT+c (Css — c)T+c” (c— 000)77_1 (41)
po = pem ¢ (cos — ) T (e = coe)” . (42)

Thus, we find that for the Ca®"-inactivated channel,

popen e Ié/ eT+c (Css _ C)T+Css—1 (C o COO)T dC. (43)
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Figure 10: The joint probability densities pc (top panels) and po (bottom panels) given by Eqs. 41
and 41 for the two-state Ca?T-inactivated channel are plotted for three different Ca?* domain time
constants: 7 = 107% (A), 1072 (B), and 1 s (C). Scaling of y-axis changes in A-C for clarity. See
legend to Fig. 9.

As expected, there are similarities between these expressions and Eqs. 38—40. In particular,
Fig. 10 shows that the stationary joint probability densities po and pp go through a similar
transition as the domain time constant (7) increases. Though pope, is significantly different
in the two cases, for small 7 both po and po diverge and the probability density accumulates
near co, and cgg, respectively (cf. Fig. 9A), while for large 7 (Fig. 10C) the range of Ca*"

concentrations spanned by po and po are similar.
— 000 —

The final results of the analytical calculations presented above are the equilibrium open
probabilities for the Ca®T-activated and Ca®'-inactivated channels given by Eq. 40 and
Eq. 43, respectively. Numerically (or even visually) integrating the joint probability densities
of comparatively slow domains (e.g., Fig. 9C) yields integrated areas of pc and po that are

consistent with p,pe, from Monte Carlo simulations (Fig. 3C) and analytical results (Fig. 5).
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However, for fast domains (small 7) the divergence of the probability densities near the
boundaries makes such comparisons difficult. In particular, when pp — 0o as ¢ — ¢4 from
below it is difficult to accurately calculate p,pe, by numerically evaluating the integrals in
Eq. 40 and Eq. 43.

Indeed, some care is required even when plotting the closed form solutions for pc and po
(Figs. 9 and 10). Because the exponential factor e™ ¢ in Egs. 38 and 39 can move through
a tremendous range as c¢ increases from c., to cgs, we produce Figs. 9 and 10 by calculating
In pc and In po and subsequently shifting these quantities (corresponding to changing the
factor p) so that the interesting regions of the curves can be exponentiated without numerical
overflow.

Because of such concerns, it is helpful to recognize that the integral expressions for popen
for Ca®"-activated (Eq. 40) and Ca®'-inactivated (Eq. 43) channels correspond to a well-
known special function. Writing ¢; = ¢55 — ¢oo and o = (¢ — ¢4) /cq and changing variables,

Eq. 40 becomes
1
Popen = ﬁeT+Cm057+T+COO / €T+cdx (1 — J})T -1 xT+COOdI'
0
The integral in this expression is of the form

/o e (1 — ) dt = WM(Q, b, z) (44)

where M (a,b, z) is a confluent hypergeometric function known as Kummer’s function that

can be evaluated with the series

az  (a)y2? (@), 2"
M — 14 oo e~
(a,b, z) + 2 + (0),2] +--+ )

with (a), = a(a+1)---(a+n — 1) and similarly for (b),. Thus, for the two-state channel

activated by Ca", the equilibrium open probability is given by

. - D7 )T (77ce + 1 B
Popen = pe7 Cc] T e F((T_)—I—(T+C n 1)) M (THeo+ 1,7 + 7 oo +1,77cq)

while for the two-state Ca®"-inactivated channel,

C(7es)T(77 4+ 1)
[(tress +7~+ 1)

g -t _ —
Popen = pe’ ¢l T M (7’ + 1,7 e + 7 + 1,7’+Cd) .

These analytical solutions shown as the solid and dotted lines in Fig. 5 agree with Monte

Carlo simulations (filled circles and open squares) for a range of domain time constants (7).
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3.4 Numerical estimates of the effect of residual Ca®* on arbitrar-
ily complex channel models

Our interest in the effect of residual Ca®" on channel gating certainly extends beyond simple
two-state models. For example, the probability density approach described in Section 3.3 can
be generalized to arbitrarily complex single channel models (see Section 3.7 and Appendix
C). This section presents a numerical method for calculating the effect of residual Ca*" on
arbitrarily complex single channel models in the limit of a very fast or very slow Ca’" domain
(cf. Section 3.2).

Given an M-state single channel model of a Ca®*-regulated Ca*" channel (Eq. 5), the

small 7 limit is calculated simply by associating the appropriate [Ca*"] with closed (cs) and

open (css) states. Writing @ for the modified generator matrix,
Q = K_ 4 diag {coctc + cssuo}” Ky, (45)

the equilibrium open probability in the small 7 limit (p,pen) can be found using the probability
distribution satisfying global balance, that is,

Popen = TUo  where Q=0 and me =1, (46)

When the Ca®t domain forms and collapses slowly compared to channel gating (large 7
limit), then the Ca®" binding site experiences essentially the same [Ca®"] (c,) regardless of

channel state. In this large 7 limit, the modified generator matrix @ is given by
Q=K_+cK, where Cx = PopenCss + Coo (1 — Dopen) - (47)
To find ¢, and pgpen, We simultaneously solve Eq. 47 and
Popen = Tup where 7®Q =0 and 7e=1. (48)

There will be at least one solution pair (Popen, ¢« ), but as seen in Sections 3.1 and 3.2 multiple

solutions are certainly possible as well.

3.5 The effect of residual Ca®"t on the De Young-Keizer IPsR
model
In this section we analyze the effect of residual Ca*" on a realistic Ca?" channel model, the

De Young-Keizer IP3R, using both Monte Carlo simulation and the method of Section 3.4.

As described in some detail in Section 2.2, the De Young-Keizer model views the IP3R as a
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Figure 11: Monte Carlo simulations of the De Young-Keizer IP3R model with a time-dependent
Ca?t domain modeled by Eq. 9 using three comparatively small values of domain time constant
(7). Sojourns in open (O), closed (C), and refractory (R) states are plotted as a function of time.

Parameters as Table 1.

collection of identical subunits, each of which has one binding site for IP3 and two binding
sites for Ca*" (De Young & Keizer, 1992). We assume four subunits leading to a generator
matrix with 4096 states, 330 of which are distinguishable.

Figure 11 shows Monte Carlo simulations of the De Young-Keizer IP3R model stochas-
tically gating in the presence of a time-dependent Ca”" domain (Eq. 9). In this figure state
O is, of course, the one open state: (6,6,6,6). When one or more of the four subunits has
inactivating Ca®" bound—S;, Ss, Ss, and S7 in Fig. 2—the channel is considered refractory
(R). All other states are simply closed (C). The values of 7 used in Figure 11 are all small
compared to the time scale of Ca®' inactivation, but they are fast (A), intermediate (B)
or slow (C) with respect to Ca*" activation. Figure 11A shows the De Young-Keizer IP3R
model gating with a fast domain—here both closed and refractory states usually experience
the background [Ca"] (cy). In Fig 11C the domain is slower and while the refractory state
experiences ¢, the fast transitions between open and closed states cause the closed states
to often experience elevated [Ca®']. As the domain time constant increases in Fig. 11A-C
the range of Ca?" concentrations observed during bursts of C = O transitions becomes

restricted, that is, the domain [Cagﬂ experienced by the closed state increases while the
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Figure 12: Monte Carlo simulations of the De Young-Keizer IP3R model using three comparatively

large values of domain time constant (7). See legend to Fig. 11.

domain [Ca®"] experienced by the open state decreases (cf. Figs. 9 and 10).

Figure 12A shows the same results as Fig 11C rescaled to show several long-lived closed
(i.e., refractory) states. The domain time constant of 7 = 0.01 s is slow compared to Ca*'-
activation, but fast compared to Ca’"-inactivation, and on this time scale it is clear that
the refractory states (R) experiences the background [Ca®"] (c). When 7 is comparable
to the time scale of Ca*"-inactivation in Figure 12B (seconds rather than milliseconds), the
open, closed, and refractory states all experience elevated [Ca®**]. When the domain is slow
compared to Ca*"-inactivation (Fig 12C), fluctuations in [Ca"] decrease still further and
open, closed, and refractory states all experience similar domain [Ca2+].

Figure 13A summarizes the observed open probability of the De Young-Keizer IPsR
model calculated by Monte Carlo simulation for a range of domain time constants (filled
circles). In these simulations the source amplitude of the channel «q is adjusted so that
regardless of 7 the maximum [Ca®"] experienced by the channel is c,s = 10 uM. Note that
although the equilibrium open probability of the De Young-Keizer IP3R model is a bell-
shaped function of [Ca®*] (De Young & Keizer, 1992), the observed p,pe, is a monotonically
increasing function of the domain time constant when c,, is fixed. Although this may be
counter-intuitive, it is consistent with the two-state model results where both Ca?*-activation

and Ca*"-inactivation lead to pope, that was an increasing function of 7 (recall filled circles
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and solid lines of Fig. 5).

Figure 13B shows the case when ay is fixed and increasing the domain time constant (7)
results in increased domain size (cgs). Here, popen of the De Young-Keizer model decreases as
a function of 7, a result similar to the two-state Ca*"-inactivated channel when oy is fixed
(open squares and dotted lines of Fig. 5B) and different from the Ca*"-activated channel
model (open squares and dotted lines of Fig. 5A). While the De Young-Keizer-like IP3R model
responds to residual Ca?" with a steady state open probability that is a monotonic function
of the domain time constant, other channel models that include both Ca®"-activation and
Ca®*-inactivation show more complex behavior (see below).

The Monte Carlo simulation results using the De Young-Keizer model are in agreement
with the small and large 7 limits directly calculated from the 330 state generator using
Eqgs. 45-46 (fast domain, dotted line) and Eqs. 47-48 (slow domain, solid line). This veri-
fies both calculations and shows that for realistic models of intracellular Ca®" channels the
methods presented in Section 3.4 are applicable. Interestingly, analytical estimates of popen
of the De Young-Keizer model in the small and large 7 limits can be obtained using the
separation of time scales between activation and inactivation (see Appendix D). In three of
four cases these results are not distinguishable from the more rigorous numerical estimates
given by Eqs. 45-48. The dot-dashed line of Fig. 13A show the one case that is distin-
guishable from the numerical estimate, but even here the analytical approximation works
well. However, the numerical estimates of the small and large 7 limits give no indication of
the value of 7 leading to half-maximal p,,., or other quantitative information when 7 is in
this intermediate range. Monte Carlo simulation—or, alternatively, the more sophisticated
techniques discussed in Section 3.7 and Appendix C—are required to observe the effects of

residual Ca?t at intermediate values of 7.

3.6 Modeling the effect of residual Ca®t using reaction-diffusion

equations

While the analysis of the effect of residual Ca** on the stochastic gating of Ca®" channels
presented above has focused on the case of a dynamic Ca®"* domain formed in a restricted
cytoplasmic compartment, the approach can also be applied to the case of a homogeneous
isotropic cytosol where the Ca®" domain is modeled using the equations for the buffered
diffusion of intracellular Ca*" (see Section 2.3). We focus on the effect of residual Ca®t in
the presence of a single high concentration Ca*" buffer where cytoplasmic Ca*" concentration
c¢(r,t) is a function of space and time solving the cable equation (Eq. 14). The Ca?" binding

site of the channel is located a short distance (rg = 0.02 pm) from the channel pore and
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Figure 13: Summary of the effect of the domain time constant (7) on the observed open probability
(Popen) of the the De Young-Keizer IPsR model. Monte Carlo results (filled circles) agree with
numerical estimates of popen for fast or slow domains (dotted and solid lines, respectively). A:
The source amplitude () of the channel is adjusted so that regardless of 7 the maximum [Ca*"]
experienced by the channel is ¢ss = 10 uM. B: The source amplitude («yg) is fixed at 990 uM/s
and increasing the domain time constant (7) results in increased domain size (css). Parameters as
Fig. 11.

the local [Ca®*] that influences channel gating is c(ro,t). The buffer length ()\) and time (6)
constants are varied over a considerable range.

As in many of the simulations presented above, we adjust the source amplitude o( to
maintain a fixed maximum [Ca®"] at the binding site of c,, = 10 uM. Inverting Eq. 16, this

implies that for any choice of A and 6,
00 = 21D, (Css — Coo) €707 where D, = )\?/6. (49)

In other simulations, the source amplitude will be fixed and the domain [Ca®*] will increase
or decrease as 6 and A are varied. The source amplitude in this case is g = 341 pmoles/sec,
corresponding to a 0.066 pA channel when the buffer parameters mentioned in Section 2.3
for millimolar EGTA are used ([Blp = 1000 pM, k% = 1.5 uM~s7!, k)Y, = 0.3 s77,
Kb/ = 0.2 uM). This implies buffer length and time constants of A = y/D./k3s [B]s =
0.5 um and 0 = A\?/D, = 1 ms—calculated using co, = 0.1 M, D, = 250 ym?/s, and [B|, =
K" [Blr/ (K bull 4 coo) = 667 pM-—but these representative values are of little significance
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Figure 14: Monte Carlo simulations of a two-state Ca?T-activated channel gating in the presence
of a Ca?* domain formed in a homogeneous isotropic cytosol (Eq. 14). The time constant (6
= 0.003, 0.1 s) and length constant (A = 0.1, 1 um) of a single high concentration Ca?* buffer
are both varied. Parameters as Fig. 3 with ro = 0.021 pm and oy given by Eq. 49 so that the
maximum domain [Ca*"] at 7y is 10 M corresponding to a range of diffusion coefficients and

source amplitudes, e.g., when § = 0.003 s and A = 1 ym D, = 333 pm?/s and ic, = 0.086 pA.

because in this section A and 6 are varied over a wide range (see below).
Also note that with initial conditions ¢(r,t = 0) = ¢, the solution of the radial cable
equation (Eq. 14) with a constant source oy is given by
—¢ C . \/_ ¢ C )}
e cerfc | —= T ) + eferfc | —= + VT 50
[ (2\/7 > (Qﬁ (50

where ¢ = r/X and T' = t/0. From this expression, we see that the parameter 6 is not an

c(ryt) = coo +

0o
St Dr

exponential time constant and is thus distinct from the domain time constant 7 that occurs
in the ordinary differential equations for the dynamics of [Ca®'] in a restricted cytosolic
compartment (Eq. 9).

Figure 14 presents Monte Carlo simulations of a two-state Ca*"-activated channel gating

in the presence of a Ca*" domain formed in a homogeneous isotropic cytosol (Eq. 14) with
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Figure 15:  Summary of the effect of the Ca®>" domain time constant (f) on the observed open
probability (pepen) of the two-state Ca?*-activated (A) and Ca®T-inactivated (B) channels gating
in a homogeneous isotropic cytosol (Eq. 14) using fixed ¢ (filled circles) or fixed source amplitude
(open squares). Analytical estimates described in Section 3.2 give popen, in the limit of small (dot-
dashed) and large (dashed lines) \ agree with Monte Carlo simulations (filled circles and open
squares). The buffer length constant A = 0.5 um while D. = \?/6 varies. Other parameters as
Fig. 14.

css fixed at 10 uM (Eq. 49). Consistent with Eq. 50 these calculations show that domain
[Ca®t] often exhibits a fast initial increase (or decrease) followed by a slower relaxation.
Comparing two simulations in the same column that use identical buffer length constants
(A) but different buffer time constants (), we see that larger values of 6 results in smaller
fluctuations in the local [Ca®t]. This is similar to what was described above as a slow
domain, except that here the formation and collapse of the Ca*" domain is not exponential
in nature (cf. Figs. 3 and 4). Comparing two simulations in the same row that use identical
buffer time constants (6) shows that small A also results in smaller fluctuations. Thus, in the
case of a homogeneous isotropic cytosol in the excess buffer limit, the domain appears ‘slow’
when the buffer time constant () is large but also when the free Ca®t diffusion coefficient
(D. = A\?/0) is small.

Figure 15A and B summarize Monte Carlo simulations such as Fig. 14 using the two-state
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channel model that is either activated (A) or inactivated (B) by Ca®t. The simulations are
once again performed with the maximum domain [Ca®*] or the source amplitude fixed (filled
circles and open squares, respectively). In these calculations the buffer length constant is
fixed at A = 0.5 ym and thus the free Ca®" diffusion coefficient (D. = A\?/6) is inversely
proportional to the buffer time constant () as it is varied. Because the parameter  in the
homogeneous isotropic cytosol is analogous to the exponential time constant 7 that appears
in the restricted cytosolic domain, there is a marked similarity between Fig. 15 and Fig. 5.
A slow domain (large 6) increases popen, of the Ca?*-activated channel regardless of whether
css Or ap is fixed (filled circles). In the case of the Ca’®T-inactivated channel, Popen €ither

increases or decreases depending on whether ¢, or «y is fixed (open squares).

3.7 The effect of residual Ca®* may depend on multiple time scales

of channel kinetics

In the simulations of the effect of residual Ca®' on the stochastic gating of the De Young-
Keizer IP3R model using restricted cytosolic compartment (Section 3.5), we found that
channel open probability depended on the relationship of the domain time constant to the
time scales of both activation and inactivation. To explore these dynamics further, we ex-
tended the probability density method for calculating p,,e, at intermediate values of 7 to
channel models that have more than two states (assuming a restricted cytosolic compart-
ment as in Section 3.3). The new approach involves numerically integrating time-dependent
advection-reaction equations that are a generalization of Eqs. 24-27 for arbitrarily complex
channel models (see Appendix C). This section uses this method, traditional Monte Carlo
simulation, and a minimal model that includes both Ca?' activation and inactivation to
explore how the existence of two distinct time scales for channel kinetics may influence the
effect of residual Ca®* on channel open probability.

The channel model we consider includes two binding sites for Ca?*"—one for Ca®'-

activation and one for Ca®"-inactivation—with no assumption of sequential binding. That
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is, the transition-state diagram includes the following four states,

ke
(closed) Ch = O (open)
ko
kie 11 kg ky 1L kfc (51)
ke
(closed) Cs = Cy (closed)
ke

where the left-to-right transitions represent Ca*"-activation and top-to-bottom transitions
represent Ca’-inactivation. Because this model includes a cycle we are careful to choose
parameters that satisfy the thermodynamic constraint K.K; = K, K, (Hill, 1977) where
the K; = k; /k for i € {a,b,c,d} are dissociation constants. That is, there are eight
rate constants in Eq. 51, but only seven are free parameters because k; = kJ K,K;/K..
Enumerating states M = (Cy, O, Cy, C3), the infinitesimal generator of this four-state model
can be put in the form of Eq. 5,

o 0 0 0 o ki 0 kJ
k; o 0 0 o k' 0
o_| & o b (52)
0 k, < k. 0 0 o 0
k7 00 o 0 0 kt o

where the cooperativity of Ca?" binding is 7 = 1. Column vectors indicating closed and
open states are up = (0, 1,0, O)T and uc = (1,0, 1, 1)T, respectively.

Figure 16 shows representative solutions to the time-dependent advection-reaction equa-
tions (Eq. 54 in Appendix C) for the joint probability densities (pc,, po, pcy, and pe,) of the
four-state model including both Ca*" activation and Ca®* inactivation (Eq. 51). The inte-
gration was performed for sufficiently long time that the profiles are approximate solutions to
the generalized time-independent advection-reaction equations (see Eq. 57 in Appendix C).
In Fig. 16A channel kinetics were chosen so that Ca®"-activation was much faster process
than inactivation (kX k¥ >> ki k). Thus, states C; and O (similarly, Cs and Cy) will
equilibrate faster than the transitions C; = C35 and O = (5. When the domain time con-
stant is very fast compared to channel kinetics (Fig. 16A, 7 small, 0.1 s), the joint probability
density functions for domain [Ca®*] accumulate near c,, when the channel is closed (C;, Cs,
C3) and cgs when the channel is open (O). Conversely, when the domain time constant
is very slow compared to channel kinetics (Fig. 16A, 7 large, 300 s), the joint probability
density functions for domain [Ca®"] all appear Gaussian. This is similar to what was ob-

served using both the Ca®*-activated and Ca®*-inactivated two-state models (Figs. 9 and
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Figure 16: The joint probability densities (pc,, po, pcsy, Py ) for the four-state model that includes
both Ca?T-activation and Ca**-inactivation (Eq. 51). The curves on each panel show results using
a small (dotted line), intermediate (solid line) or large (dashed line) domain time constant (7). A:
Ca®T-activation is much faster than Ca*"-inactivation. Parameters: ap = 9.95 uM/s; kf =1
pMls™h b =157 k) =000 pMYs™ by = 00557 kF =k ko = ko kf =k =
0.1, 10, 300 s. B: Ca?*-activation is much slower than Ca?*-inactivation. Parameters: ap = 9.95
pM/s; ki = 0.01 pM~1s™ k7 = 0.01s7h k) = 1 pMYs™ k=557 kF =k kD = kg
ki =k = 0.03, 100, 1000 s.

10). However, the curves of Fig. 16A have a more interesting form when the domain time
constant is an intermediate value—slow compared to Ca?" activation but fast compared to
Ca®' inactivation (7 medium, 10 s). Here the joint probability functions for domain [Ca?*]
either diverge or can be quite broad depending on channel state. Of course, it remains the
case that the domain [Ca®'] is likely to be greater when the channel is open.

Fig. 16B is similar to Fig. 16A except that here the Ca®" activation process is slower than

Ca®" inactivation (k*, kF << kf, k;) These parameters are not chosen for physiologically

a’'’c



EFFECT OF RESIDUAL CALCIUM ON CALCIUM-REGULATED CALCIUM CHANNELS 42

realism but to demonstrate that the association (k;") and dissociation (k; ) rate constants
in the four state model may influence the steady-state joint probability distributions (p¢,
PO, Pcy, and pe,) even when the dissociation constants (K; = k; /k;") remain unchanged
(compare the 7 medium case of Figs. 16A and B). Also note that the rapid equilibration
between pairs of states does not necessarily imply that the joint probability distributions are

of similar shape (compare pc, and po in the 7 medium case of Fig. 16A).

0.5+

open

[ I I I I I I I [ I I I I I I I
16° 107 10" 10° 10" 10° 10° 10° 10° 107 10" 10° 10" 10° 10° 10°
T(9) (9
Figure 17: popen as a function of 7 using a four-state model with fast activation, slow inactivation
(A) or fast inactivation and slow activation (B). The filled circles indicate results when the steady
state [Ca?t] (cgs) is fixed, while the open squares show the case where the source amplitude (o)
is held constant. The dotted lines show popen of the generalized probability density calculation for
the cgs fixed case. The small and large 7 limit of pypepn for each case is also shown (dot-dashed and

dashed lines). Parameters as Fig. 16.

Fig. 17A and B summarize the relationship between the equilibrium open probability
(Popen) and domain time constant (7) for the four-state model in both configurations pre-
sented above, that is, when Ca*" activation is fast compared to inactivation (A) and the
reverse case (B). The filled circles show the result of Monte Carlo simulation when the steady
state [Ca?"] (cqs) is fixed, while the open squares repeat these calculations using fixed source
amplitude (ap). The dot-dashed and dashed lines provide analytical estimates in the small

and large 7 limits, respectively. The dotted lines show that the generalized probability den-
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sity method (Fig. 16 and Appendix C) agrees with the Monte Carlo result (results are shown
for 7 > 0.03 s where a 40 hr calculation resulted in a final integration time of 500 s or more).
Consistent with our results for the DeYoung-Keizer model, when c,s is constant pope, in-
creases monotonically, in spite of the fact that the equilibrium probability of the four-state
model is a bell-shaped function of the background [Ca*'] (not shown). At intermediate
values of the domain time constant (0.1 s < 7 < 10 s), the observed open probability is
greater when the four-state model includes fast activation and slow inactivation (Fig. 17A)
as compared to the reverse case (Fig. 17B). In marked distinction from the results for the
DeYoung-Keizer model, when we fix o the four-state model exhibits an initial rise and
eventual fall in p,pe, in the fast activation/slow inactivation case (open squares of Fig. 17),
whereas when Ca?" inactivation is fast and Ca?" activation is slow Dopen initially decreases,
then increases, and finally decreases again to the limiting value of pope, = 0. Thus, when
channel models include multiple time scales for channel kinetics, the effect of residual Ca*"
can be quite complex (Fig. 17) or comparatively simple (cf. Fig. 11).

Note that the dissociation constants (K;) of the four-state model used in Fig. 17A and
B are identical. Thus, the observed differences in pype, as a function of the domain time
constant (e.g., the 7 medium case) illustrate that the effect of residual Ca®* on channel
open probability can not be determined by the equilibrium properties of single channel
models alone. In fact, when channel models include one or more cycles, even the limiting
probabilities calculated using the method presented in Section 3.4 (the small and large 7

limits) may depend on the association and dissociation rates constants and not just their
ratios (K; = k; /ki").

4 Discussion

While several groups have presented simulations of one or more Ca*" channels stochastically
gating under the influence of a time-dependent or time-independent Ca*" domain (Sherman
et al., 1990; Mazzanti et al., 1991; Bertram et al., 1999; Rios & Stern, 1997; Swillens et al.,
1998; Swillens et al., 1999; Stern et al., 1999; Shuai & Jung, 2002; Shuai & Jung, 2003; Falcke,
2003a; Wang et al., 2004), this study of the temporal effect of residual Ca*" from previous
channel openings on the stochastic gating of Ca?*-regulated Ca®" channels introduces several
novel modeling approaches designed to investigate how that time scales of channel kinetics
and Ca®" domain formation and collapse influence channel open probability. In contrast
with studies of the emergent phenomenon of synchronous gating of clustered Ca®*" channels

(Swillens et al., 1999; Nguyen et al., 2004; Wang et al., 2004), our aim here was to develop
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a deeper understanding of the interaction between the gating of individual Ca®*-regulated
Ca*" channels and a dynamic Ca*" domain. Previous work focusing on the time scales
associated with Ca®*" domains have often ignored stochastic effects of calcium release (Smith
et al., 1996; Thul & Falcke, 2004) or focused on whole-cell calcium dynamics (Wagner &
Keizer, 1994; Falcke, 2003b).

One achievement of this study is the development of a general method for estimating
the equilibrium open probability of single channel models coupled to a Ca*" domain that is
either very fast or slow compared to channel gating (Sections 3.2 and 3.4). We confirmed
the validity of this method by Monte Carlo simulation of minimal two-state channel models
either activated or inactivated by Ca®" as well as the more realistic De Young-Keizer IPsR
model and a four-state model that includes both processes. This approach is applicable
regardless of whether the domain is modeled using ordinary differential equations for the
[Ca®"] in a restricted cytosolic compartment or using partial differential equations for the
buffered diffusion of intracellular Ca*" near the channel.

The probability density formulation for the effect of residual Ca®T on the stochastic
gating of Ca*"-regulated Ca?" channels was inspired by previously published mathematical
models of synaptic transmitter release (Bertram & Sherman, 1998) and neuronal popula-
tion dynamics (Nykamp & Tranchina, 2000). When this method was applied to minimal
two-state Ca®'-activated or Ca*"-inactivated channels (Section 3.3), we obtained analytical
expressions for pypen as a function channel parameters (k%) and domain time constant (7).
This method can be generalized to more complicated channel models (Section 3.7 and Ap-
pendix C) and is an alternative to Monte Carlo simulation. The probability density approach
is applicable when an ordinary differential equation describes the dynamics of domain [Ca*']
but, unfortunately, it is not straightforward to extend the method to situations where the

Ca?* domain is represented by reaction-diffusion equations.
— 000 —

We found that the effect of residual Ca?* on Ca?*-regulated Ca?' channels—even minimal
two-state models—is not always intuitive. For example, when the source amplitude («p) is
adjusted so that Ca®" domain size (c,,) is fixed, the two-state channel results indicate that
Ca?T-mediated C — O and O — C transitions considered in isolation both lead to Dopen
being an increasing function of 7. This suggested to us that the effect of residual Ca®" on
open probability of more complicated single channel models would be difficult to predict
and motivated the development of the probability density formulation and estimates of pypen

applicable to fast and slow domains. In the case of the De Young-Keizer IP3R model,
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we hypothesized that there would be a bell-shaped dependence of pype, on the domain time
constant (7), but found instead that pype, is a monotonically increasing or decreasing function
of 7 depending on whether the Ca®* domain size (c,,) or source amplitude (ayp) is fixed. More
complex results are obtained for the four-state model that includes both Ca?*-activation and
Ca®'-inactivation (Fig. 17). We found it counter-intuitive that the De Young-Keizer IP3R
model Poper, vs. T result is monotonic when oy is fixed. However, this result only underscores
the fact that it is not possible to predict the effect of residual Ca?* on the open probability
of complicated single channel models without Monte Carlo simulation or the generalized
probability density approach (Appendix C).

This study has deepened our intuition regarding the qualitative effect of residual Ca®"
on the relatively minimal single channel models. However, some consistently observed qual-
itative aspects of our results are not true in general. For example, for the four different
channel models presented here the observed open probability of channels gating under the
influence of a fast domain was always less than pg,., with a slow domain when ¢, is fixed.
Never-the-less, it is possible to construct single channel models for which this is not the case
(see Appendix E).

Quantitative estimates of the effect of residual Ca®" on channel open probability require
Monte Carlo simulation or one of the novel methods presented here. Indeed, even qualitative
aspects of the pgpe, vs. 7 parameter studies are sometimes difficult to predict when the
channel kinetics involve multiple time scales (recall the tri-phasic aq fixed case in Fig. 17B).
Furthermore, a comparison of Fig. 16A and B (or Fig. 17A and B) demonstrates that the
effect of residual Ca®" can not be determined from equilibrium properties of single channel
models alone—the only difference between panels A and B is whether Ca®T-activation or
Ca*"-inactivation is the faster process. Still, the intuition gained from the minimal two-
state models is often helpful for understanding the effect of residual Ca** on Ca®*-regulated

channels with more than two states (especially when cg; is fixed).
— 000 —

While plasma membrane ion channels in a small cell experience essentially the same
time-course of membrane voltage, intracellular Ca?" channels experience radically different
local [Ca®*], even during global Ca®' responses. Importantly, the simulations presented
here demonstrate that the traditional approach of using deterministic ordinary differential
equations for the fraction of intracellular Ca®*" channels in each state may not always be
appropriate, even when Ca®"-regulated Ca?" channels are diffusely distributed within cells

and do not strongly interact with one another via buffered Ca®* diffusion. Depending on
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the channel model and dynamics of domain [Ca®*], deterministic average rate equations will
ignore the effect of residual Ca®" from previous channel openings and incorrectly estimate
the equilibrium open probability and, presumably, non-equilibrium dynamics as well.

An interesting avenue of future research is to explore whether the probability density
approach presented here can be modified to represent a large number of intracellular Ca*"
channels diffusely distributed throughout a cell, each gating in response to it’s own dynamic
Ca®" domain and also coupled to the another channels via changes in the bulk [Ca®'].
Whole cell models that incorporate the probability density approach presented here might
be able to realistically account for the distribution of local Ca®t concentrations experienced
by individual channels without the computational complexity of whole cell models based on
Monte Carlo simulation of channel gating and /or three dimensional diffusion. This proposed
modeling technique could be compared and contrasted to Langevin formulations of whole cell
Ca®" responses (Shuai & Jung, 2002; Shuai & Jung, 2003). Both approaches would assume
a large number of intracellular Ca?" channels and coupling, but the probability density
approach suggested here would distinguish itself by providing a minimal representation of
the different local Ca*" concentrations experienced by the diffusely distributed intracellular
channels.

In many cell types the opening of intracellular Ca®* channels clustered at Ca*" release
sites is the basis of regenerative Ca*" release. For this reason, it would be valuable to
extend the probability density approach to situations where multiple channels are locally
coupled. Most prior work analyzing the feedback of Ca*" microdomains on clusters of
intracellular Ca*" channels has been based entirely on Monte Carlo simulation (Swillens
et al., 1998; Swillens et al., 1999) or assumed “instantaneous coupling” (Nguyen et al.,
2004), the later approximation corresponding to the fast domain (small 7) limit discussed
here. Interestingly, the probability density approach could be easily extended to analyze the
dynamics of Ca®" release from clusters of Ca®" channels interacting with a time-dependent
Ca®" domain under the assumption of mean field coupling (Shuai & Jung, 2002; Shuai &
Jung, 2003), a simplification that can be rigorously justified under some conditions (Nguyen
et al., 2004). The numerical and analytical work presented here is significant in part because
it is an important first step toward understanding the effect of residual Ca®" on clusters of
Ca?*-regulated Ca?' channels. However, it does not appear to be straightforward to extend
the probability density approach to clusters of Ca?" regulated Ca®" channels while at the
same time preserving information about the spatial arrangement of the channels.

Our calculations suggest that the effect of exogenous Ca*" buffers on the stochastic

gating of Ca?'-regulated Ca?' channels is dependent in a complicated way on the details
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of single channel kinetics and the subcellular geometry of the problem of interest. There
is ample support for this experimentally. For example, in cardiac myocytes there is a high
degree of variability in Ca*" spark measures (such as brightness and frequency) that may
be due to regulatory modulation of intracellular channels and different numbers or spatial
arrangement of channels at Ca®" release sites (Parker & Wier, 1997). This study would
suggest two other possibilities: 1) variable size of the subsarcolemmal space (a restricted
compartment that would influence the domain time constant) and 2) the effect of localized
changes buffer concentration influencing the dynamics of residual Ca®". To give another
example, in Xenopus oocytes a subpopulation of Ca’" release sites that are particularly
close to mitochondria exhibit lower Ca®" puff activity than Ca®" puff sites in regions of
lower mitochondrial density (Marchant et al., 2002). While the reason for this difference is
unknown, one possibility is that the dynamics of residual Ca?" interacting with Ca®" release
sites that are closely apposed to mitochondria is affected by the geometry of this association
(i.e., the size of a restricted cytoplasmic space) or mitochondrial Ca*" fluxes, both of which
would influence the domain time constant experience by intracellular Ca®" channels.

It is important to note that a Ca*" domain is either “fast” or “slow” only in comparison
to the rate constants of the Ca*"-regulated Ca®" channel in question. Thus, experimental
and theoretical work indicating that domain Ca®" concentration can increase or decrease by
orders of magnitude in microseconds to milliseconds (Neher, 1986; Naraghi & Neher, 1997;
Smith, 1996; Smith et al., 1996; Thul & Falcke, 2004) should not be interpreted as evidence
for the fast domain limit being more relevant that the slow domain limit. Rather, it is clear
from dimensional analysis that the relative size of the domain time constant and various
channel dwell times determines whether the fast or slow domain limit is relevant (recall the
dimensionless parameters 75 = 7k* in Eqgs. 38-39 and Eqs. 41-42). In our parameter studies
we focused on changing the domain time constant (7) rather than the channel rate constants
(k:fc) This was not only done because parameter studies involving one parameter are easy
to interpret, but also because the cytosolic milieu is potentially under experimental control
(John et al., 2001; Dargan & Parker, 2003). When exogenous Ca®" buffers are absent, the
time scale of Ca*" domains may never-the-less be quite variable due to changing expression
levels of endogenous Ca®" binding proteins and the co-localization of Ca®" channels with

buffers that have distinct spatial distributions and binding kinetics (Dargan et al., 2004).
— 000 —

When the Ca®" domain is modeled using the the cable equation, the parameter 6 is

inversely proportional to the free buffer concentration far from the channel (Eq. 13). When
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the cytosol is in this excess buffer limit, experimental manipulations that increase the buffer
concentration still further will decrease both 6 and A (assuming D, = A\?/6 is fixed). This will
decrease the maximum domain [Ca*"] (c,,) and also change the spatio-temporal dynamics
of the domain. The simulations shown here indicate that the effect of such manipulations
on single channel gating will depend on the specific details of channel kinetics. One test
of the realism of single channel models is whether or not they can be used to predict or
explain observed changes in pyye, when the magnitude and dynamics of Ca®t domains are
experimentally perturbed. Even if changing single channel kinetics is below resolution of
experiments, it’s still important to understand the degree to which calcium buffering can
influence the stochastic gating of Ca®"-regulated Ca*" channels (John et al., 2001; Dargan
& Parker, 2003).

Of course, the excess buffer approximation used here is an idealization of the buffered
diffusion of intracellular Ca*" as it actually occurs in cells. We focused on this limit in
part because the reaction terms of the cable equation are identical to the right hand side of
the ordinary differential equation representing the domain [Ca®"] in the restricted cytosolic
domain case. An obvious extension of the Monte Carlo studies presented here is to include a
realistic panel of Ca?* buffers and the full equations for the buffered diffusion of intracellular
Ca®™—or, alternatively, the rapid buffer approximation (Wagner & Keizer, 1994; Smith
et al., 2001)—to describe the dynamics of the Ca®" domain. While the probability density
approach presented here can not be applied to spatially extended Ca®>" domains, it should be
a simple matter to increase the realism of restricted compartment formulations by including

multiple buffers.
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Appendix A: An Exact Simulation Method

In addition to the Monte Carlo simulation methods for stochastically gating ion channels
presented in Section 2.4, we have also employed exact simulation methods that have no
intrinsic time-step (not shown). The method involves calculating the density of dwell times
for a channel stochastically gating in the presence of a dynamic Ca*" domain. Pseudo-
random numbers consistent with this density are then generated to give the times of state
changes.

We illustrate the exact simulation method with the two-state channel activated by Ca**
(recall Eq. 1). Writing Tp as a random variable for the dwell time in the closed state,
the constant O — C' transition rate (k™) implies that Ty is exponentially distributed with
parameter (and mean) 1/k~. A pseudo-random number Ty can be calculated from Tp =
—In(X) /k~ where X is a uniform random number in the interval 0 < X < 1 (Smith,
2002a).

While the the O — (' transition rate is constant, the C' — O transition rate is given by
k*e(t) where c(t) = coo + (Co — Coo) €77 and ¢y is the (often elevated) [Ca®*] at the time of
the last O — C' transition that we define as ¢ = 0. Thus, the C' — O transition rate, x(t),
includes the effect of the dissipation of any residual Ca®** and decays exponentially from an

elevated value (ko = k™ co) to the rate in the absence of a source for Ca*" (ko = kT cs0),
K(t) = Foo + (Ko — Hoo) €7

This implies that the complement of the cumulative distribution function for T is given by,

P{TL > £} = exp {— /Ot/i(s)ds} ~ exp {—mmt _ % (ko — ioo) (1 — e_t/T)} O (53)

Because F(t) = P{Ty > t} is a continuous function, Eq. 53 can be inverted and a pseudo-
random number T can be produced using the inverse transformation method (Ross, 1988,
pp. 389-390) in which Tt is given by Tc = F~! (X) where X is uniformly distributed on the
interval 0 < X <1.

Appendix B: Exact Solution Using Arbitrary Coopera-
tivity

Equations 38 and 39 give the steady-state joint probability densities for the two-state Ca®"-

activated channel (Eq. 1) under the assumption that the cooperativity of Ca?* binding is 7



EFFECT OF RESIDUAL CALCIUM ON CALCIUM-REGULATED CALCIUM CHANNELS 50

= 1. When the cooperativity, n is an integer greater than 1, the derivation is only slightly
more complicated. Beginning with Eq. 35, we separate variables and integrate to obtain

¢ de cande
lnpo—lnﬁoz(l—T)/ CA+7'+/ AC ¢

c Css — C c C—Cx

where ¢ is some point on the interior (co < ¢ < ¢45). As before, the first integral is

- Css — C
(7’ — 1) In (Css — E)

where we have eliminated absolute value signs in the logarithms using ¢ < cg. Using the

binomial coefficients and change of variables v = ¢ — ¢4, the second integral becomes

c—c
c=coo N ! o 7t In ( OO) when i =rn
+ Uk n—i—1 1 _ o0 c—
T / g —(77 — i)!i!U chodv = €~ Co .
C—Coo  ;— h(c) when 1 7é n

where

h(c) = 7+ In (C - C°°> 4ot UZ_I UL o [(c = coo)™ = (6= co)"] .

€ — Coo , ol o —i
—~ (n—ali! n

Exponentiating these expressions and using Eq. 34 gives po and po for integer n > 2,

A~ c T T*cgof
pc = peh( ) (css — )" (c— ) '

N c T — rﬂ:l.’o
pPo = peh( ) (css — ) ! (¢ — Cxo)

For example, when the cooperativity of Ca*" binding is n = 2, h(c) is given by,
1
hic)=71* {5 (¢ = Coo)? 4 2600 (€ — Coo)
and the joint probability densities are

1 - _
pc = pexp {§T+C (c+ COO)} (Cos — )’ (c— COO)T+Cg° '

]- = T'C
pO:ﬁeXp{§T+C(C+CW)}(CSS—C)T Ye—co) =

where the constant factors involving ¢ and ¢, have been absorbed into the constant p that

must satisfy conservation of probability (Eq. 32).

Appendix C: Probability density approach for the effect

of residual Ca®" on arbitrarily complex channel models

Using an approach similar to Section 3.3, we can derive conservation equations for the joint
probability densities to study the effect of residual Ca** on arbitrarily complex single channel

models, assuming only that the generator matrix is of the form of Eq. 5.
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Given a M-state single channel model of a Ca**-regulated Ca®" channel of the form of
Eq. 5 and M x 1 column vectors uc and up indicating closed and open states (see Section 2),

we write p;(c) with ¢ = 1,2, -+ M for the joint probability density functions,
pi(c,t)de =P {c < [Ca’] < c+dcand S(t) = S;}.

Collecting the p; into a 1 x M row vector p = (p1,p2, -, pm), the system of advection-
reaction equations satisfied by these probability densities can be written in matrix form
as,

op

W D lps) 4 p0 (54)

where ¢ = pJ is a 1 x M row vector of probability fluxes and J is a M x M diagonal matrix
formed from the scalar functions jo(c) and jo(c) given by Egs. 24 and 25,

J(c) = diag {jcuc + jouo} -

For example, for the two-state channel activated by Ca**, J is

J(e) = jo O _ —(c—cx) /T 0 :l Coo — C 0 '
0 Jo 0 —(c—css) /T T 0 Cgs — C

Conservation of probability for the densities (p) solving Eq. 54 implies

M Css
Zm =1 where ;= / pi(c)de (55)
i=1 Coo

and because there may be more than one open state, the open probability of the channel is
given by the inner product pope, = Tup where m = (11,72, - -+ , 7).

The boundary conditions that we associate with Eq. 54 are again a consequence of en-
forcing zero probability flux at either c,, or ¢, as appropriate for each element of ¢ = pJ.

This leads to M boundary conditions for the vector of probability densities given by

poodla’g{uO} + pssdiag{uC} = 07 (56)

where p_ and p,, are p(c) evaluated at ¢ = ¢, and ¢, respectively. For example, in the

case of the two-state channel activated by Ca?",

00 1 0
(Pcpo)oo<0 1>+(Popo)ss<0 0)‘(00)

in agreement with Eqs. 28 and 29.
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Time-independent solutions of Eq. 54 satisfy the following linear system of first order

differential equations,

d
0=——"lpJ]+pQ.

Noting that dJ/dc = —I/7 and the general form for the generator matrix (Eq. 5), this can

be written
dp 1 1
P p|Z I+ K+ K| T = pF (57)
dc T
where the second equality defines F(c). For the two-state Ca®t-activated channel F(c) is
given by,
— rten +en
l—k+c7’ . T 0 1—-7"¢c T e
| 7 Coo — C _ Coo —C  Cs5—C
F(e) = - 1 = 0 T - T 1—7-
T Css = C Coo —C Co5—C

where once again we write 75 = 7k*. A little algebra shows that this is equivalent to Eqs. 30,
31, 35.

The steady-state probability densities describing the effect of residual Ca?' on complex
single channel models will solve the linear boundary value problem given by Eq. 57 with
the associated boundary conditions (Eq. 56) and integral constraint (Eq. 55). Although the
differential equation system is linear and homogeneous, F'(c) is not a constant coefficient
matrix and is in fact singular at both endpoints (¢, and c). For this reason Eq. 57 is
not readily solved using numerical methods typically employed in the solution of boundary
value problems. Instead, we implemented a finite difference scheme to numerically integrate
the time-dependent system (Eq. 54), choosing an end-time sufficiently large to obtain the
stationary densities satisfying dp/0t = 0. Interestingly, we found that the second-order
upwind scheme utilized in ensemble density calculations of integrate-and-fire neural networks
(Nykamp & Tranchina, 2000) was inappropriate for this problem. However, a second order
total variation diminishing scheme utilizing Roe’s Superbee flux limiter worked well (Casti
et al., 2002; Hundsdorfer & Verwer, 2003). In particular, this numerical method could
accommodate steep gradients and conserved probability even when the joint probability
densities were delta-function-like and centered on the boundary values c,, and c,, in the fast

domain (small 7) limit.
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Appendix D: Residual Ca®' and separation of time scales

in the De Young-Keizer IP3R model

Li and Rinzel derived a simplified version of the De Young-Keizer model IP3R by noticing
that the fast processes of IPs-potentiation and Ca*"-activation are essentially at equilib-
rium with the slower process of Ca*-inactivation (Li & Rinzel, 1994). Without assuming
the independence of IP3R subunits, this fast/slow analysis can be applied to the 330 state
De Young-Keizer IP3R model presented in Section 2.2 leading to a five-state model (Smith,
2002b). Using this five-state model as a starting point, we can derive analytical estimates of
the effect of residual Ca®" on the De Young-Keizer IPsR model that are approximations to
the numerical estimate of Section 3.4 that utilized the 330 x 330 generator matrix.

The assumption that the fast processes of IPs-potentiation and Ca*"-activation are es-
sentially at equilibrium with the slower process of Ca*"-inactivation (Parker & Ivorra, 1990)

leads to the following reduced transition-state diagram (Smith, 2002b),

4ug 3vf 2v5 vy
S() = Sl = SQ = 83 = 54 (58)
Uy 2u; vy 4vg

where we have assumed n = 4 identical (but not independent) subunits. Note that this is the
transition-state diagram for the entire channel. The lumped states S; each corresponds to a
channel with ¢ inactivated subunits, that is, states S;—Sy4 are inactivated (and thus closed)
while state Sy is dis-inactivated (potentially open or closed). The v and v, in Eq. 58 are
inactivation and dis-inactivation transition rates for a single subunit. In order to estimate
Dopen, for the De Young-Keizer IP3R in the presence of a fast or slow Ca?" domain, we will
assign values to the transition rates (vy) so that their dependence on [Ca®'] and [IPj] is
in agreement with Fig. 2, a Li-Rinzel-like quasi-static approximation, and our assumptions
regarding the Ca®" domain being fast or slow.

Consider first the case of a very fast Ca®*" domain (small 7). Here we follow Section 3.4
and associate a [Ca*"] (either c., or css) with each closed or open state. Because the inac-
tivated De Young-Keizer IP3R model (5,-S4) is necessarily closed, the appropriate concen-

tration for these states is ¢ and the transition rates for further Ca?"-inactivation are

+ o+ - _
vy =y =] = (ipag +1_a4) Coo = A2Co0,

where i, = [IP3]/ ([IP3] + d;) is the probability that a subunit is potentiated by IP3 while
not inactivated by Ca®",i_ = 1—i, = d,/ ([IP3] + d;), and the second equality uses the rate
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constant symmetry (as = ay) of the original De Young-Keizer model (De Young & Keizer,
1992). Similarly, the dis-inactivation transition probabilities do not depend on [Ca®*] and
are given by,

vy =0y =0] =7, = hiby+ h_by = asqo,

where hy = [IP3]/ ([IP3] +ds), h- =1 — h, and ga = do ([IP3] + d1) / ([IP3] + d3). On the
other hand, the transition rates for Ca?*-inactivation out of state Sy is complicated by the
possibility that the IP3R is open and domain Ca*" is elevated. Because vg is the transition
rate for a single subunit and the channel can only be open if this subunit is in the permissive

state (Sg), we can write

U(J{ = 1_Q4Coo +11C_A9C + 11 Cy (1 — Zici) A2Coo + iiciagcss
= ay {(1 —ml) coo + M Css} (59)
where ¢} = ¢/ (¢oo +d5) and ¢ = 1 — ¢;. Thus, we account for the possibility that the

subunit inactivates under the influence of elevated domain Ca®", an event that will occur
only if the IP3R is open, that is, with probability

mi =il (CLY (60)

Coo+d5

Notice that the expression for the inactivation rate of the fully dis-inactivated IP3R (Eq. 59)
is a weighted average of 4asc,, and 4asc,s that depends on the conditional probability that
the channel is open given that it is dis-inactivated (m2,).

With the rate constants in Eq. 58 specified, pgpe, of this De Young-Keizer-like IPsR
model can be calculated. First, we find an expression for the equilibrium probability that
the channel is dis-inactivated (i.e, in state Sy, which will be denoted by 7). Because there

are no cycles in Eq. 58, we apply the condition of detailed balance,
vo T =4dvgmy 20 me =3vm  Buymy=2vime  4vsmy = vims

and solve for the stationary probabilities (7;) with the conservation condition 7y + 73 + 79 +

w3 + m4 = 1. This leads to

V3UV20U1Vg

mn =
0 V3U2V1 Vg + 41}31}21}1 + 6’021)1 + 4’01 + 1

where v; = v; /7. Writing vs, = v; = vy = v3 = ¢a/c0o We have

To = v> vo/ D where D = v3 vy + 4vd, + 602 + vy + 1,
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and g = do ([IP3] + dy) / ([IP3] + d3). Similarly, m = 4v3 /D, my = 602 /D, 73 = 4v.,/D,
and m4 = 1/D. The equilibrium open probability of the De Young-Keizer-like IP3R model
with domain Ca®"-mediated inactivation is thus given by Dopen = mi_mo or

3
Popen = Mg, ( T 0 ) (61)

v3 v + 43, + 6v2 + 4vs + 1

where the effect of residual Ca*" (in the case of a fast Ca*" domain) occurs via the vy factor
that is a function of both ¢y, and ¢ (Eq. 59).

It is now a simple matter to derive an analytical formula relevant to the case of a slow
Ca®" domain (large 7). In this case, the channel experiences the same [Ca®t] regardless of
state. Denoting this value by ¢*, the conditional probability that the channel is open given

that it is dis-inactivated is given by

c 4
4 -4 *
m, =1 .
* + (C*+d5)

The open probability of the channel is found using an expression similar to Eq. 61, except

that all Ca®" concentrations are given by ¢, that is,

Dopen = M- v = m? v\ (62)
open *\vd+ 43+ 602 4+ 4v, + 1 A\ue+1

where v, = ¢o/c,. In the large 7 limit the open probability of the De Young-Keizer IP3R

receptor can be estimated by simultaneous solution of Eqs. 62 and 21.

These analytical approximations use separation of time scales between activation and
inactivation in the De Young-Keizer model and are good approximations to the numerical
estimates of Egs. 4548 that do not make this assumption. The dot-dashed line in Fig. 13A
shows the least accurate of these results: when c,; is fixed Eq. 60 and 61 slightly overestimate
the popen, of the De Young-Keizer IP3R model in the small 7 limit. However, the three
remaining limiting values indicated by the solid and dotted lines in Fig. 13 are visually
indistinguishable from the estimates given by Eq. 60 and 61 (small 7) and Egs. 62 and 21
(large 7).

Appendix E: ppen can be a decreasing function of 7

Using three different channel models that include Ca*'-activation, Ca?'-inactivation, or
both, we find that p, is an increasing function of domain time constant (7) when the

source amplitude of the channel (ag) is varied so that domain size (c) is fixed. However,
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using the notation of Section 3.2, it is not necessarily the case that popen < Dopen, as can be

seen by considering the following four-state model,

kre ki c kfe
Cl — 01 — 02 — CQ (63)
ko ky ke

where the cooperativity of Ca®t binding n = 1; k7 = 2, k = 10, kF = 20 uM~s™!; and k.
= 500, k; = 50 and k; = 200 s~'. In the case of a fast domain (small 7) the equilibrium
open probability of this channel model is (Hill, 1977),

B k¥ cooky ko + Kk cooky cssk
Bopen = ki + ki cooky ke + ki ook Coskie + K Cookir Coskit Cos

which using the standard values of c, = 0.1, ¢55 = 10 uM gives popen, = 0.0012. In the case
of a slow domain (large 7) the equilibrium open probability is given by simultaneous solution

of
k¥eky ko + ke ey

Popen = kiky ko + ke ko + ke ek + kfedki ektes
and Eq. 21 giving Poper, = 0.0004 and ¢, = 0.1042 pyM. Thus, for this particular four-state

model we find that popen > Dopen €ven though c,; is fixed.

In spite of this example, upon experimenting with many different channel models one does
get the impression that popen < Popen is the usual result. This may be because in channel
models without cycles and a single Ca?T-mediated C — O transition, Popen. MUst increase

with 7 when ¢, is fixed. In such cases, the small 7 limit always leads to an expression of the

form,
Kicl
Popen =
P Ky + Kacl
while in the large tau limit we obtain,
K1cl . .
Popen = Ko + K Cn where Csx = CssPopen + Cx (1 - popen) .
2 3Cx

Because ¢, < ¢, < ¢4 we see that under the above assumptions Popen < Dopen- Similar
arguments can be made for models without cycles that contain multiple Ca®"-mediated
transitions when they are either all activating (C' — O) or all inactivating (O — C'). How-
EVeT, Popen CaN be greater than Pgpe, when both activating and inactivating transitions are

present (Eq. 63).
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Table

Parameter Value Units Parameter  Value  Units
ay 400  pM~1s7! dy 0.13 M
as 0.2 uM ts™! dy 1.049 uM
as 400  pM~ts7t ds 0.9434  uM
ay 0.2 pM st dy didy/ds M
as 20 uM~ls! ds 0.08234 uM

57

Table 1: Parameters of the De Young-Keizer IPsR model (De Young & Keizer, 1992). Dis-

sociation rate constants b; are given by b; = a;d;.
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